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ABSTRACT. A hexagonal fuzzy matrix has various type of ranks that is, row rank, column rank, fuzzy rank and fuzzy full rank.

In this article, some methods are described to find these types of ranks for Hexagonal fuzzy matrices (HFMs) and investigated

the relationship between them under the algorithm for Row Reduced Echelon Form (RREF). We have been studied the cross

vector and schein rank under the relationship is illustrated with suitable example. A relevant results are presented in fuzzy rank

using the definition of scalar multiplication of an Hexagonal fuzzy matrix.

1 Introduction

Fuzzy matrices play an important role to model several uncertain systems. Throughout this paper we deal with

fuzzy number matrices that is matrices over fuzzy algebra F. For A ∈ Fmn, R(A), C(A),ρr(A), ρc(A) and ρ f (A)

denotes the row space, column space, row rank, column rank, and fuzzy rank under Hexagonal fuzzy Matrix

respectively. Ismail and Morsi [5] established fuzzy rank of fuzzy matrix in the product of two fuzzy matrices

cannot exceed the fuzzy rank either fuzzy matrix. Kaguei and Ohsato[6] investigated the new type of rank matrix

using fuzzy number matrices. Wang and Zhongxiong [20] proposed the concept of determine the solution of

fuzzy matrix rank. Hongxu and Chongxin [21] established the concept of the minimum row (column) space of

fuzzy matrix. The recent development of Rank of Interval-valued fuzzy matrices have been studied by [10] . Also,

Latha.et.al [9] studied the rank of Type-2 Triangular fuzzy matrix.
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The concept of fuzzy matrix (FM) [16] is one of the recent topic to develop for dealing with uncertainties present

in engineering, agriculture, science, social science and also in most of our real life situations. Fuzzy matrices

defined first time by Thomson [19] and discussed about the convergence of the powers of a fuzzy matrix. The

decomposition theorem of fuzzy sets played an important role in the fuzzy set theory. It help us to develop many

branches such as fuzzy algebra, fuzzy measure and integral, fuzzy analysis and so on. In FMs, rows and columns

are taken as uncertain. He also investigated different properties of these type of matrices along with application.

Shyamal and Pal [17] introduced the concept of triangular fuzzy matrix, Pal [?] defined as new types of IVFM

whose rows and columns are uncertain along with uncertain elements.

Kim and Roush [7] introduced generalized fuzzy matrices where they investigated the standard basis, dimension

of fuzzy vector space, row and column basis, row and column rank can be defined for fuzzy matrices. Many

authors were involved in extending the basic concepts and results from the crisp vector space to the fuzzy vector

space [1, 2, 4] and its dimension [8, 11, 12, 15], crisp matrix to fuzzy matrix.

It is well known that the rank of a crisp matrix is very important topics of linear algebra and it has many use.

Motivated, from the theory and use of rank crisp matrix, we define rank of Hexagonal fuzzy matrices. The concept

of Hexagonal fuzzy number [18] have been developed under the convexity condition. Due to the flexibility of

Hexagonal fuzzy matrices, three different type of ranks are defined.

In this article, in section 2, we give some basic definitions and recall Hexagonal fuzzy number then its operations.

In section 3, we have reviewed the definition of Hexagonal fuzzy matrix and its operations. In section 4, the

main objective of the article, viz, row space, column space, row rank, column rank, fuzzy rank and fuzzy full

rank of Hexagonal fuzzy matrices are investigated, Also some properties are developed here. In section 5, cross

vectors and schein rank have been studied and it has been shown in our proposed matrix. In section 6, scalar

multiplication of Hexagonal fuzzy matrix is defined and some of the properties are investigated. In section 7, we

represent the conclusion for this work.

2 Perliminaries

In this section, some basic definitions are recalled for Hexagonal fuzzy number.

Definition 2.1 (Fuzzy Set)

A Fuzzy set is charaterized by a membership function mapping the elements of a domin, space or universe of discourse

to the unit interval [0, 1].

A fuzzy set A in a universe of discourse X is defined as the following set of pairs

A = {(x, µA (x) ; x ∈ X)}

Here µA : X → [0, 1] is mapping called the degree of membership function of the fuzzy set A and µA (x) is called the

membership value of x ∈ X in the fuzzy set A. These membership grades are often represented by real ranging from [0,1].

Definition 2.2 (Convex Fuzzy Set)

A fuzzy set A = {(x, µA (x)} ⊆ X is called convex set in all Aα are convex set (i,e) for every element x1 ∈ Aα and
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x2 ∈ Aα for every α ∈ [0, 1]. λx1 + (1− λ) x2 ∈ Aα for all λ ∈ [0, 1]. Otherwise the fuzzy set is called non-convex fuzzy

set.

Definition 2.3 (Fuzzy Number)

A fuzzy set Ã, defined on the set of real numbersR is said to be fuzzy number if its membership function has the following

characteristics

1. Ã is normal.

2. Ã is convex set.

3. The support of Ã is closed and bounded then Ã is called fuzzy number.

Definition 2.4 (Hexagonal Fuzzy Number)

A fuzzy number on Ãh is hexagonal fuzzy number denoted by Ãh = (a1, a2, a3, a4, a5, a6), where (a1 ≤ a2 ≤ a3 ≤ a4 ≤ a5 ≤ a6)

are real number satisfying a2 − a1 ≤ a3 − a2 and a5 − a4 ≥ a6 − a5 and its membership function µÃh
(x) is given by

µÃh
(x) =



0 ;x < a1

1
2

(
x−a1
a2−a1

)
;a1 ≤ x ≤ a2

1
2 + 1

2

(
x−a2
a3−a2

)
;a2 ≤ x ≤ a3

1 ;a3 ≤ x ≤ a4

1− 1
2

(
x−a4
a5−a4

)
;a4 ≤ x ≤ a5

1
2

(
a6−x
a6−a5

)
;a5 ≤ x ≤ a6

0 ;x ≥ a6.

The hexagonal fuzzy number Ãh becomes trapezoidal fuzzy number if a2 − a1 = a3 − a2 and a5 − a4 = a6 − a5.

The hexagonal fuzzy number Ãh becomes non-convex fuzzy number if a2 − a1 > a3 − a2 and a5 − a4 < a6 − a5.
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Figure 1: Hexagonal Fuzzy Number Ãh

2.1 Arithmetic Operations On Hexagonal Fuzzy Numbers(HFNs)

The arithmetic operations between hexagonal fuzzy numbers (HFNs) are proposed given below.

Let us consider Ãh = (a1, a2, a3, a4, a5, a6) and B̃h = (b1, b2, b3, b4, b5, b6) be two hexagonal fuzzy numbers

then,

(i)Addition :

Ãh (+) B̃h = (a1 + b1, a2 + b2, a3 + b3, a4 + b4, a5 + b5, a6 + b6) .

(ii)Subtraction :

Ãh (−) B̃h = (a1 − b6, a2 − b5, a3 − b4, a4 − b3, a5 − b2, a6 − b1) .

(iii)Multiplication :

Ãh (×) B̃h =
( a1

6 σb, a2
6 σb, a3

6 σb, a4
6 σb, a5

6 σb, a6
6 σb

)
.

Where σb = (b1 + b2 + b3 + b4 + b5 + b6) .

(iv)Division :

Ãh (÷) B̃h =
(

6a1
σb

, 6a2
σb

, 6a3
σb

, 6a4
σb

, 6a5
σb

, 6a6
σb

)
.

Where σb = (b1 + b2 + b3 + b4 + b5 + b6) .

(v)ScalarMultiplication :
If k 6= 0 is scalar kÃh is defined as

kÃh =

 (ka1, ka2, ka3, ka4, ka5, ka6) ifk ≥ 0

(ka6, ka5, ka4, ka3, ka2, ka1) ifk < 0

Definition 2.5 (Ranking Function)

We define a ranking function Ř : F (R)→ R which maps each fuzzy numbers to real line F(R) represented the set of all

hexagonal fuzzy numbers. If R be any linear ranking functions.

Ř
(

Ãh
)
=

(
a1 + a2 + a3 + a4 + a5 + a6

6

)
.

Also we define the order on F(R) by

Ř
(

Ãh
)
≥ Ř

(
B̃h
)

if and only if Ãh ≥
^
R

B̃h

Ř
(

Ãh
)
≤ Ř

(
B̃h
)

if and only if Ãh ≤
^
R

B̃h

Ř
(

Ãh
)
= Ř

(
B̃h
)

if and only if Ãh =
^
R

B̃h
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Definition 2.6 (Zero Hexagonal Fuzzy Number)

If Ãh = (0, 0, 0, 0, 0, 0) then Ãh is said to be zero hexagonal fuzzy number. It is denoted by 0.

Definition 2.7 (Zero-Equivalent Hexagonal Fuzzy Number)

A hexagonal fuzzy number Ãh is said to be zero-equivalent hexagonal fuzzy number if Ř(Ãh)=0. It is denoted by 0̃.

Definition 2.8 (Unit Hexagonal Fuzzy Number)

If Ãh = (1, 1, 1, 1, 1, 1) then Ãh is said to be unit hexagonal fuzzy number. It is denoted by 1.

Definition 2.9 (Unit-Equivalent Hexagonal Fuzzy Number)

A hexagonal fuzzy number Ãh is said to be unit-equivalent hexagonal fuzzy number if Ř(Ãh)=1. It is denoted by 1̃.

Definition 2.10 (Inverse Hexagonal Fuzzy Number)

If ãh is hexagonal fuzzy number and ãh 6= 0 then we define ã−1
h = 1̃

ã .

3 Hexagonal Fuzzy Matrices(HFMs)

In this section, we proposed new definition of Hexagonal Fuzzy Matrix and corresponding its matrix operations.

Definition 3.1 (Hexagonal Fuzzy Matrix)

A fuzzy matrix Â = (ahij)m×n of order m× n is called a Hexagonal fuzzy matrix if the elements of the matrix are Hexagonal

fuzzy numbers, i.e., of the form (aij1, aij2, aij3, aij4, aij5, aij6).

3.1 Operations on Hexagonal Fuzzy Matrices(HFMs)

Through classical matrix algebra, we achieve some algebraic operations of HFM. Let Â = (ãhij)m×n and B̂ =

(b̃hij)m×n be two HFMs of same order. Then we have the following

1. Â + B̂ =
(

ãhij + b̃hij

)
2. Â− B̂ =

(
ãhij − b̃hij

)
3. For Â = (ãhij)m×n and B̂ = (b̃hij)n×k then ÂB̂ = (c̃hij)m×k where (c̃hij)m×k=

∑n
p=1 ãhip b̃hpj, i=1,2,. . . ,m and j=1,2. . . ,k

4. ÂTorÂ
′
= (ãhji)

5. kÂ = (kãhij),where k is scalar.

Definition 3.2 (Zero Hexagonal Fuzzy Matrix)

A Hexagonal Fuzzy Matrix(HFM) is said to be a zero HFM if all its entries are 0 and it is denoted by Ô.

Definition 3.3 (Zero Hexagonal Fuzzy Matrix)

The square HFM is said to be a unit HFM if the diagonal elements are 1 and the rest of elements are 0. It is denoted by Î
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4 Rank of Hexagonal Fuzzy Matrices(HFMs)

In theory of matrix, rank is one of the fundamental concepts. There are three types of ranks, like row rank, column

rank, and matrix rank.

In general, for crisp matrices row rank, column rank, matrix rank are equal. But the fuzzy matrices in row rank

and column rank need not be equal also be in the hexagonal fuzzy matrices. There is a third rank called fuzzy

rank which has great importance in fuzzy matrix theory.

Here we define various type of ranks associated with hexagonal fuzzy matrix using the elementary operations and

Row Reduced Echelon form (RREF) of matrix. Three types of rank decompositions are defined and investigated

the relation between them. Another fuzzy full rank matrix have been defined with suitable examples.

Definition 4.1 (Hexagonal Fuzzy Vector)

A Hexagonal fuzzy vector is an n-tuple of elements from an fuzzy algebra. That is,an Hexagonal fuzzy vector is of the form

(xh1, xh2, . . . , xhn) where each element xhi ∈ F, i=1,2,n.

Definition 4.2 (Linear Combination)

A linear combination of elements of the set of Hexagonal fuzzy vectors Sh is a finite sum ∑ ahiαi where αi ∈ Sh and

ahi ∈ F(the set of scalar). The set of all linear combinations of elements of Sh is called the span of S, denoted by 〈s〉.

Definition 4.3 (Spanning Set)

Let S and W be two subsets of the fuzzy vector space V. If < S >= W, then S is called spanning set or a set of generator of

W.

Definition 4.4 (Linearly Independent and Dependent)

A vector set {xh1, xh2, . . . , xht} ⊆ Vn is linearly independent if and only if there is not xhi ∈ {xh1, xh2, . . . , xht} where

i=1,2,,t such that it is represented as a linear combination of elements of xh1, . . . , xhi−1, xhi+1, . . . , xht. If there is same

xhi ∈ {xh1, xh2, . . . , xht} (1 ≤ i ≤ t) such that it is a linear combination of elements of xh1, . . . , xhi−1, xhi+1, . . . , xht,

then set {xh1, xh2, . . . , xht} is said to be linearly dependent.

Definition 4.5 (Row Rank)

The row space R(Â) of an m× n Hexagonal fuzzy matrix Â is the subspace of Vn generated by the rows of Â. The row rank

ρr(Â) of Â is minimum possible size of a spanning set of R(Â).

Definition 4.6 (Column Rank)

The column space C(Â) of an m × n Hexagonal fuzzy matrix Â is the subspace of Vm generated by the rows of Â. The

column rank ρc(Â) of Â is the smallest possible size of a spanning set of C(Â).

Definition 4.7 (Fuzzy Rank)

A Hexagonal fuzzy matrix Â is said to be a fuzzy rank of rank r, if ρr(Â) = ρc(Â) = r and it is denoted by ρ f (Â).

The row rank, column rank and fuzzy rank of a zero matrix Ô is 0. For a finite matrix Â, ρr(Â) is the maximum number of

linearly independent rows of Â. Similarly, ρc(Â) is maximum number of linearly independent columns of Â. If row rank is

equal to column rank, then both are called rank and it is denoted by ρ.
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4.1 Elementary Transformation

The elementary transformation of a HFM Â = (ãhij) of the following transformation,

1. Interchange of two rows or columns

2. Multiplication of a row(or column) by an arbitrary Hexagonal fuzzy number not equal to 0̃

3. Addition of multiple of one row (or column) by Hexagonal fuzzy number not equal to 0̃ to another row

(column).

4.2 Row Reduced Echelon form of HFM

Let Â = (ãhij)m×n be the hexagonal fuzzy matrix then the following steps are,

1. If ãh11 = 0̃ then an interchange of rows and columns will change element in the position ãh11, so that

ãh11 6= 0̃.

2. Convert the element ãh11 to 1̃ by multiplying the first row by
1

ãh11
.

3. Subtract from the ith,i > 1, the first row multiplied by ãhi1, whenever ãhi1 6= 0̃, then the element ãhi1(i > 1)

will be replaced by 0̃.

4. Subtract from the jth,j > 1, the first row multiplied by ãh1j, whenever ãh1j 6= 0̃, then the element ãh1j(j > 1)

will be replaced by 0̃.

5. Performing the same manipulations (step 1 to step 4) with the submatrix that remains in the lower right

corner and so on. We finally after a finite number of manipulations arrive at a diagonal-equivalent HFM

with the same rank as the original HFM Â.

Note

To find the rank of HFM it is necessary to convert the HFM, by means of elementary transformations, to diagonal-

equivalent HFM. Finally, we convert this diagonal-equivalent HFM into classical matrix and obtained maximum

number of linearly independent rows or columns. The number of units gives the rank of the given HFM. i.

Elementary row operations do not change the row space of a Hexagonal fuzzy matrix.

ii. Elementary column operations do not change the column space of a Hexagonal fuzzy matrix. Suppose that Â

and B̂ are m× n HFMs such that B̂ is obtained from Â by an elementary row operation

Let ah1, ah2, . . . , ahm be the rows of Â and bh1, . . . , bhm be the rows of B̂. We have to show that,

span(ah1, ah2, . . . , ahm) = span(bh1, bh2, . . . , bhm)

Observe that any row bhi for B̂ belongs to span(ah1, ah2, . . . , ahm).

Indeed, either bhi = ahj for some 1 ≤ j ≤ m, or bhi = rahi for some scalar r 6= 0 or bhi = ahi + rahj for some j 6= i

and r ∈ R.

It follows that span(bh1, bh2, . . . , bhm) ⊂ span(ah1, ah2, . . . , ahm).

Now the HFM Â can also be obtained from B̂ by an elementary operations, we get,

span(ah1, ah2, . . . , ahm) ⊂ span(bh1, bh2, . . . , bhm)
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It is similar to follow by proof (i).

Theorem 4.8 The row rank and the column rank of HFM Â are equal. Let Â be an m× n HFM , then

Let Â be an m× n HFM , then

Â =


ãh11 ãh12 . . . ãh1n

ãh21 ãh22 . . . ãh2n
...

...
...

...

ãhm1 ãhm2 . . . ãhmn


We my write Â interms of its columns or rows

(i,e), Â =
[

Ah1 , Ah2 , . . . , Ahn

]


aT
h1

aT
h2
...

aT
hm


Where jth column vector Ahj and ith row vector ahi are given by

Ahj =


ãh1j

ãh2j
...

ãhnj

 , ahi =


ãhi1

ãhi2
...

ãhim


The column vectors of Â span a space which is a subset of Rn and its column space Â is,

C(Â) = span(Ah1, Ah2, . . . , Ahn)

Then the row vectors of Â span a space which is a subset of Rm and its row space Â is,

R(Â) = span(ah1, ah2, . . . , ahm)

The dimension of C(Â) is called the column rank of Â and it is denoted by C = ρc(Â). Similarly the dimension of R(Â) is

called row rank ofÂ and it is denoted by R = ρr(Â).

Case(i)

Let B̂ = [bh1, bh2, . . . , bhC] where the columns of B̂ form a basis for the column space of Â. Then there is C × n matrix D̂

such that,

Â = B̂D̂.

It follows that the rows of Â are linearly combinations of the rows of D̂ and hence,

R(Â) ⊆ R(D̂)

Hence,

R = dim[R(Â) ≤ R(D̂)] ≤ C
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(i,e), The row rank of Â is less than or equal to the column rank ofÂ.

Case(ii)

Ê =


eT

h1

eT
h2
...

eT
hR

 Where the rows of Ê form a basis for the row space of Â. Then there is a m× R matrix K̂ such that,

Â = K̂Ê.

It follows that the rows of Â are linearly combinations of the rows of K̂ and hence,

C(Â) ⊆ C(K̂)

Hence,

C = dim[C(Â) ≤ C(K̂)] ≤ R

(i,e), The column rank of Â is less than or equal to the row rank ofÂ.

Hence we have the row and column rank of HFM are equal, then the common value is called the fuzzy rank of Â and it is

denoted by ρ = ρ f (Â).

Example 4.9 Consider the HFM,

Â =

(−2,−1, 0, 1, 2, 6) (−1, 0, 1, 2, 4, 6) (−2,−1, 0, 1, 2, 6) (−1, 0, 1, 3, 6, 9)

(−1, 0, 1, 2, 4, 6) (1, 2, 3, 4, 6, 8) (−2,−1, 0, 1, 2, 6) (−6,−4,−2,−1, 0, 1)

(−1, 0, 1, 3, 6, 9) (−1, 1, 6, 8, 10, 12) (−1, 0, 1, 3, 6, 9) (−12,−10,−8,−7,−6, 1)

 into RREF.

∼

(−2,−1, 0, 1, 2, 6) (−1, 0, 1, 2, 4, 6) (−2,−1, 0, 1, 2, 6) (−1, 0, 1, 3, 6, 9)

(−1, 0, 1, 2, 4, 6) (1, 2, 3, 4, 6, 8) (−2,−1, 0, 1, 2, 6) (−6,−4,−2,−1, 0, 1)

(−1, 0, 1, 3, 6, 9) (−1, 1, 6, 8, 10, 12) (−1, 0, 1, 3, 6, 9) (−12,−10,−8,−7,−6, 1)


R1 → R1

ãh11
, where ãh11 6= 0̃

∼

(−2,−1, 0, 1, 2, 6) (−1, 0, 1, 2, 4, 6) (−2,−1, 0, 1, 2, 6) (−1, 0, 1, 3, 6, 9)

(−1, 0, 1, 2, 4, 6) (1, 2, 3, 4, 6, 8) (−2,−1, 0, 1, 2, 6) (−6,−4,−2,−1, 0, 1)

(−1, 0, 1, 3, 6, 9) (−1, 1, 6, 8, 10, 12) (−1, 0, 1, 3, 6, 9) (−12,−10,−8,−7,−6, 1)


R2 → R2 − ãh21R1 , where ãh21 6= 0̃

R3 → R3 − ãh31R1 , where ãh31 6= 0̃

∼

 (−2,−1, 0, 1, 2, 6) (−1, 0, 1, 2, 4, 6) (−2,−1, 0, 1, 2, 6) (−1, 0, 1, 3, 6, 9)

(−7,−4,−1, 1, 4, 7) (−11,−6,−1, 2, 6, 10) (−3,−1, 1, 3, 6, 12) (−24,−16,−8,−4, 0, 4)

(−10,−6,−2, 2, 6, 10) (−19,−11, 0, 5, 10, 15) (−10,−6,−2, 2, 6, 10) (−39,−28,−17,−10,−6, 4)


R3 → R3

ãh34
, where ãh34 6= 0̃

∼

 (−2,−1, 0, 1, 2, 6) (−1, 0, 1, 2, 4, 6) (−2,−1, 0, 1, 2, 6) (−1, 0, 1, 3, 6, 9)

(−7,−4,−1, 1, 4, 7) (−11,−6,−1, 2, 6, 10) (−3,−1, 1, 3, 6, 12) (−24,−16,−8,−4, 0, 4)

( −10
16 , −6

16 , −2
16 , 2

16 , 6
16 , 10

16 ) ( −19
16 , −11

16 , 0, 5
16 , 10

16 , 15
16 ) ( −10

16 , −6
16 , −2

16 , 2
16 , 6

16 , 10
16 ) ( −39

16 , −28
16 , −17

16 , −10
16 , −6

16 , 4
16 )


R1 → R1 − ãh14R3 , where ãh14 6= 0̃
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∼

 (−2,−1, 0, 1, 2, 6) (−1, 0, 1, 2, 4, 6) (−2,−1, 0, 1, 2, 6) (−10,−6,−2, 2, 6, 10)

(−7,−4,−1, 1, 4, 7) (−11,−6,−1, 2, 6, 10) (−3,−1, 1, 3, 6, 12) (−24,−16,−8,−4, 0, 4)

( −10
16 , −6

16 , −2
16 , 2

16 , 6
16 , 10

16 ) ( −19
16 , −11

16 , 0, 5
16 , 10

16 , 15
16 ) ( −10

16 , −6
16 , −2

16 , 2
16 , 6

16 , 10
16 ) ( −39

16 , −28
16 , −17

16 , −10
16 , −6

16 , 4
16 )


R2 → R2 − ãh24R3 , where ãh24 6= 0̃

∼

 (−2,−1, 0, 1, 2, 6) (−1, 0, 1, 2, 4, 6) (−2,−1, 0, 1, 2, 6) (−10,−6,−2, 2, 6, 10)

(−7,−4,−1, 1, 4, 7) (−11,−6,−1, 2, 6, 10) (−3,−1, 1, 3, 6, 12) (−28,−16,−4, 4, 16, 28)

( −10
16 , −6

16 , −2
16 , 2

16 , 6
16 , 10

16 ) ( −19
16 , −11

16 , 0, 5
16 , 10

16 , 15
16 ) ( −10

16 , −6
16 , −2

16 , 2
16 , 6

16 , 10
16 ) ( −39

16 , −28
16 , −17

16 , −10
16 , −6

16 , 4
16 )


R2 → R2

ãh23
, where ãh23 6= 0̃

∼

 (−2,−1, 0, 1, 2, 6) (−1, 0, 1, 2, 4, 6) (−2,−1, 0, 1, 2, 6) (−10,−6,−2, 2, 6, 10)

( −7
3 , −4

3 , −1
3 , 1

3 , 4
3 , 7

3 ) ( −11
3 , −6

3 , −1
3 , 2

3 , 6
3 , 10

3 ) ( −3
3 , −1

3 , 1
3 , 3

3 , 6
3 , 12

3 ) ( −28
3 , −16

3 , −4
3 , 4

3 , 16
3 , 28

3 )

( −10
16 , −6

16 , −2
16 , 2

16 , 6
16 , 10

16 ) ( −19
16 , −11

16 , 0, 5
16 , 10

16 , 15
16 ) ( −10

16 , −6
16 , −2

16 , 2
16 , 6

16 , 10
16 ) ( −39

16 , −28
16 , −17

16 , −10
16 , −6

16 , 4
16 )


R1 → R1 − R2

∼

 ( −13
3 , −7

3 , −1
3 , 4

3 , 10
3 , 25

3 ) ( −13
3 , −6

3 , 1
3 , 7

3 , 18
3 , 29

3 ) (−6,−3,−1, 2
3 , 7

3 , 7) ( −58
3 , −34

3 , −10
3 , 10

3 , 34
3 , 58

3 )

( −7
3 , −4

3 , −1
3 , 1

3 , 4
3 , 7

3 ) ( −11
3 , −6

3 , −1
3 , 2

3 , 6
3 , 10

3 ) (−1, −1
3 , 1

3 , 3
3 , 6

3 , 12
3 ) ( −28

3 , −16
3 , −4

3 , 4
3 , 16

3 , 28
3 )

( −10
16 , −6

16 , −2
16 , 2

16 , 6
16 , 10

16 ) ( −19
16 , −11

16 , 0, 5
16 , 10

16 , 15
16 ) ( −10

16 , −6
16 , −2

16 , 2
16 , 6

16 , 10
16 ) ( −39

16 , −28
16 , −17

16 , −10
16 , −6

16 , 4
16 )



c =


1 2 0 0

0 0 1 0

0 0 0 1


C(Â) = {c1, c2, c3, c4}andR(Â) = {r1, r2, r3}

clearly c1, c3 and c4 are linearly independent,

The basis of C(Â) =


(−2,−1, 0, 1, 2, 6) (−2,−1, 0, 1, 2, 6) (−1, 0, 1, 3, 6, 9)

(−1, 0, 1, 2, 4, 6) (−2,−1, 0, 1, 2, 6) (−6,−4,−2,−1, 0, 1)

(−1, 0, 1, 3, 6, 9) (−1, 0, 1, 3, 6, 9) (−12,−10,−8,−7,−6, 1)


The basis of R(Â) =


( −13

3 , −7
3 , −1

3 , 4
3 , 10

3 , 25
3 ) ( −13

3 , −6
3 , 1

3 , 7
3 , 18

3 , 29
3 ) (−6,−3,−1, 2

3 , 7
3 , 7) ( −58

3 , −34
3 , −10

3 , 10
3 , 34

3 , 58
3 )

( −7
3 , −4

3 , −1
3 , 1

3 , 4
3 , 7

3 ) ( −11
3 , −6

3 , −1
3 , 2

3 , 6
3 , 10

3 ) (−1, −1
3 , 1

3 , 3
3 , 6

3 , 12
3 ) ( −28

3 , −16
3 , −4

3 , 4
3 , 16

3 , 28
3 )

( −10
16 , −6

16 , −2
16 , 2

16 , 6
16 , 10

16 ) ( −19
16 , −11

16 , 0, 5
16 , 10

16 , 15
16 ) ( −10

16 , −6
16 , −2

16 , 2
16 , 6

16 , 10
16 ) ( −39

16 , −28
16 , −17

16 , −10
16 , −6

16 , 4
16 )


dim(C(Â)) = ρc(Â) = 3

dim(R(Â)) = ρr(Â) = 3

∴ The common value of row rank and column rank is fuzzy rank,

(i,e).,ρr(Â) = ρc(Â) = ρ f (Â) = 3.

Proposition 4.10 Let Â ∈ Fmn with ρr(Â) = r. Then there exist matrices B̂ ∈ Fmr and Ĉ ∈ Frn such that ρr(Â) =

ρr(Ĉ) = r and Â = B̂Ĉ. Since ρr(Â) = r, therefore row space of Â, R(Â) has r linearly independent row vectors of Â.

Now , if R(Â) is generated by the r linearly independent rows of an r× n matrix Ĉ, then ρr(Ĉ) = r and there exist m× r

matrix B̂, such thatÂ = B̂Ĉ.

Thus Â = B̂Ĉ and ρr(Â) = ρr(Ĉ) = r.

Proposition 4.11 Let Â ∈ Fmn with ρc(Â) = s. Then there exist matrices B̂ ∈ Fms and Ĉ ∈ Fsn such that ρr(Â) =

ρr(B̂) = s and Â = B̂Ĉ. Since ρc(Â) = r, therefore column space of Â, C(Â) has s linearly independent row vectors of Â.

Now , if C(Â) is generated by the s linearly independent columns of an s× m matrix B̂, then ρr(B̂) = s and there exist

n× s matrix Ĉ, such thatÂ = B̂Ĉ.

Thus Â = B̂Ĉ and ρr(Â) = ρr(Ĉ) = r.
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Proposition 4.12 Let Â ∈ Fmn with ρ f (Â) = ρr(Â) = ρc(Â) = r. Then there exist matrices B̂ ∈ Fms and Ĉ ∈ Fsn

such that Â = B̂Ĉ with ρ f (Â) = ρr(Â) = ρc(Â) = r. This proof is obtained by combining preposition 4.11 and 4.12.

For these last three prepositions, we see that the matrix Â can be decomposed into two matricesB̂ and Ĉ. (i,e), Â =

B̂Ĉ. This decomposition is called, row rank factorization (preposition 4.11), column rank factorization (preposition

4.12) and is called only fuzzy rank factorization (preposition 4.13).

Example 4.13 For the Hexagonal fuzzy matrix Â of example 4.10 we see that Â = B̂Ĉ where,

B̂ = ( −13
3 , −7

3 , −1
3 , 4

3 , 10
3 , 25

3 ) ( −13
3 , −6

3 , 1
3 , 7

3 , 18
3 , 29

3 ) (−6,−3,−1, 2
3 , 7

3 , 7) ( −58
3 , −34

3 , −10
3 , 10

3 , 34
3 , 58

3 )

( −7
3 , −4

3 , −1
3 , 1

3 , 4
3 , 7

3 ) ( −11
3 , −6

3 , −1
3 , 2

3 , 6
3 , 10

3 ) (−1, −1
3 , 1

3 , 3
3 , 6

3 , 12
3 ) ( −28

3 , −16
3 , −4

3 , 4
3 , 16

3 , 28
3 )

( −10
16 , −6

16 , −2
16 , 2

16 , 6
16 , 10

16 ) ( −19
16 , −11

16 , 0, 5
16 , 10

16 , 15
16 ) ( −10

16 , −6
16 , −2

16 , 2
16 , 6

16 , 10
16 ) ( −39

16 , −28
16 , −17

16 , −10
16 , −6

16 , 4
16 )

 ∈ F3×4

Ĉ =


(−2,−1, 0, 1, 2, 6) (−2,−1, 0, 1, 2, 6) (−1, 0, 1, 3, 6, 9)

(−1, 0, 1, 2, 4, 6) (−2,−1, 0, 1, 2, 6) (−6,−4,−2,−1, 0, 1)

(−1, 0, 1, 3, 6, 9) (−1, 0, 1, 3, 6, 9) (−12,−10,−8,−7,−6, 1)

 ∈ F3×3

Hence, we see that ρ f (Â) = ρr(B̂) = ρc(Ĉ) = 3

Therefore, the decomposition Â = B̂Ĉ is a column and row rank factorization and also the both cases are same rank then the

fuzzy rank factorization is same.

Definition 4.14 Let Â and B̂ be the two HFMs such that ÂB̂ is defined by ρ(ÂB̂) ≤ min{ρ(Â), ρ(B̂)}.

Let ÂB̂ be m× n HFMs then ρ(Â + B̂) ≤ ρ(Â) + ρ(B̂). Let Â = X̂Ŷ, B̂ = ÛV̂ be rank factorization of ÂB̂ then,

Â + B̂ = X̂Ŷ + ÛV̂ =
[

X̂ Ŷ
] Ŷ

V̂


By the definition,

ρ(Â + B̂) ≤ ρ[X̂, Û]

Let xh1, xh2, . . . , xhp and xh1, xh2, . . . , xhq be the bases of B(X̂),B(X̂) respectively, any vector in the column space

[X̂, Û] can be expressed as a linear combination of these p + q vectors.

Thus,

ρ[X̂, Û] ≤ ρ(X̂) + ρ(Û)

≤ ρ(Â) + ρ(B̂)

∴ ρ(Â + B̂) ≤ ρ(Â) + ρ(B̂).

Definition 4.15 Let Â = (ãhij)m×n ∈ Fmn, then Â is called row full rank if ρr(Â) = m and Â is called column full rank

if ρc(Â) = n and let Â ∈ Fmn then Â is said to be fuzzy full rank if ρ f (Â) = ρr(Â) = ρc(Â) = n .

Example 4.16 Consider a Hexagonal fuzzy matrix

Â =


(−2,−1, 0, 1, 2, 6) (−1, 0, 1, 3, 6, 9) (−1, 1, 4, 6, 8, 12)

(−1, 0, 1, 2, 4, 6) (2, 4, 6, 8, 10, 12) (0, 8, 10, 12, 14, 16)

(−2,−1, 0, 1, 2, 6) (−1, 0, 1, 3, 6, 9) (1, 4, 5, 7, 9, 10)

 into RREF.
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∼


(−2,−1, 0, 1, 2, 6) (−1, 0, 1, 3, 6, 9) (−1, 1, 4, 6, 8, 12)

(−1, 0, 1, 2, 4, 6) (2, 4, 6, 8, 10, 12) (0, 8, 10, 12, 14, 16)

(−2,−1, 0, 1, 2, 6) (−1, 0, 1, 3, 6, 9) (1, 4, 5, 7, 9, 10)


R1 → R1

ãh11
, where ãh11 6= 0̃

∼


(−2,−1, 0, 1, 2, 6) (−1, 0, 1, 3, 6, 9) (−1, 1, 4, 6, 8, 12)

(−1, 0, 1, 2, 4, 6) (2, 4, 6, 8, 10, 12) (0, 8, 10, 12, 14, 16)

(−2,−1, 0, 1, 2, 6) (−1, 0, 1, 3, 6, 9) (1, 4, 5, 7, 9, 10)


R2 → R2 − ãh21R1 , where ãh21 6= 0̃

R3 → R3 − ãh31R1 , where ãh31 6= 0̃

∼


(−2,−1, 0, 1, 2, 6) (−1, 0, 1, 3, 6, 9) (−1, 1, 4, 6, 8, 12)

(−7,−4,−1, 1, 4, 7) (−16,−8, 0, 5, 10, 15) (−30,−12, 0, 7, 14, 21)

(−8,−3,−1, 1, 3, 8) (−19,−6,−2, 3, 9, 15) (−29,−6, 0, 7, 14, 20)


R1 → R1 − ãh12R2 , where ãh12 6= 0̃

∼


(−2,−1, 0, 1, 2, 6) (−10,−6,−2, 2, 6, 10) (−1, 1, 4, 6, 8, 12)

(−7,−4,−1, 1, 4, 7) (−16,−8, 0, 5, 10, 15) (−30,−12, 0, 7, 14, 21)

(−8,−3,−1, 1, 3, 8) (−19,−6,−2, 3, 9, 15) (−29,−6, 0, 7, 14, 20)


R1 → R1 − ãh13R3 , where ãh13 6= 0̃

∼


(−2,−1, 0, 1, 2, 6) (−10,−6,−2, 2, 6, 10) (−13,−7,−2, 2, 7, 13)

(−7,−4,−1, 1, 4, 7) (−16,−8, 0, 5, 10, 15) (−30,−12, 0, 7, 14, 21)

(−8,−3,−1, 1, 3, 8) (−19,−6,−2, 3, 9, 15) (−29,−6, 0, 7, 14, 20)



c =


1 0 0

0 1 0

0 0 1


C(Â) = {c1, c2, c3}andR(Â) = {r1, r2, r3}

clearly c1, c2 and c3 are linearly independent,

The basis of C(Â) =


(−2,−1, 0, 1, 2, 6) (−1, 0, 1, 3, 6, 9) (−1, 1, 4, 6, 8, 12)

(−1, 0, 1, 2, 4, 6) (2, 4, 6, 8, 10, 12) (0, 8, 10, 12, 14, 16)

(−2,−1, 0, 1, 2, 6) (−1, 0, 1, 3, 6, 9) (1, 4, 5, 7, 9, 10)


The basis of

R(Â) =


(−2,−1, 0, 1, 2, 6) (−10,−6,−2, 2, 6, 10) (−13,−7,−2, 2, 7, 13)

(−7,−4,−1, 1, 4, 7) (−16,−8, 0, 5, 10, 15) (−30,−12, 0, 7, 14, 21)

(−8,−3,−1, 1, 3, 8) (−19,−6,−2, 3, 9, 15) (−29,−6, 0, 7, 14, 20)


dim(C(Â)) = ρc(Â) = 3

dim(R(Â)) = ρr(Â) = 3

∴ The common value of row rank and column rank is fuzzy rank,

(i,e).,ρr(Â) = ρc(Â) = ρ f (Â) = 3.
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5 Cross Vector and Schein Rank

Cross vector play an important role in fuzzy as well as Hexagonal fuzzy matrix theory to evaluate the rank of

matrices.

Definition 5.1 For vectors u,v the cross vector (u,v) is the HFM Â = (ãhij) = utv such that ãhij = uhivhi, where

ãhij, uhi, vhi ∈ F in fuzzy algebra.

Example 5.2 We consider two vectors u = [(−2,−1, 0, 1, 2, 6), (−1, 0, 1, 2, 4, 6), (−1, 0, 1, 3, 6, 9)]

and v = [(−1, 0, 1, 3, 6, 9), (1, 3, 5, 7, 9, 11), (1, 2, 3, 4, 6, 8)], then the cross vector of these two vectors u and v is,

utv =


(−2,−1, 0, 1, 2, 6)

(−1, 0, 1, 2, 4, 6)

(−1, 0, 1, 3, 6, 9)

((−1, 0, 1, 3, 6, 9) (1, 3, 5, 7, 9, 11) (1, 2, 3, 4, 6, 8)
)

=


(−6,−3, 0, 3, 6, 18) (−12,−6, 0, 6, 12, 36) (−8,−4, 0, 4, 8, 24)

(−3, 0, 3, 6, 12, 18) (−6, 0, 6, 12, 24, 36) (−4, 0, 4, 8, 16, 24)

(−3, 0, 3, 9, 18, 27) (−6, 0, 6, 18, 36, 63) (−4, 0, 4, 12, 24, 30)


Here we see that the row vectors of the cross vectors are linear combination of the vector [(−1, 0, 1, 3, 6, 9),

(1, 3, 5, 7, 9, 11), (1, 2, 3, 4, 6, 8)] and the column vectors are the linear combination of the vector [(−2,−1, 0, 1, 2, 6),

(−1, 0, 1, 2, 4, 6), (−1, 0, 1, 3, 6, 9)]t, which shows that the row vectors and column vectors of the cross vector are linearly

dependent and row rank= column rank= fuzzy rank=1.

Proposition 5.3 A non-zero Hexagonal fuzzy matrix is a cross vector if and only if it has a row rank as well as column rank

1 over the fuzzy algebra F. The condition is necessary. Let Â be the Hexagonal fuzzy matrix which is a cross vector then A

can be written as Â = utv, where u and v are vectors over the fuzzy algebra F.

This implies that every rows of the matrix Â can expressed as the linear combination of only one vector ut. Thus row rank of

Â =column rank of Â=1.

The condition is sufficient,

Let the row rank as well as column rank of the matrix Â is 1. Then there exist only one linearly independent column vectors

ut and only one linearly independent row vector v, such that Â can be expressed as Â = utv.

Proposition 5.4 Let Â ∈ Fmn, then the fuzzy rank ρ f (Â) satisfy the following properties,

1. ρ f (Â) ≤ min(ρr(Â), ρr(Â)).

2. ρ f (P̂ÂQ̂) ≤ ρ f (Â), if the HFM P̂ÂQ̂ is defined.

3. ρ f (Â) is the smallest size of a set s of vectors such that R(Â) ⊆< s >.

4. ρ f (Â) is the least number of matrices (of rank 1) whose sum is Â.

1. Let us consider ρr(Â) = r, then by preposition 4.11 there exist matrices B̂ ∈ Fmr and Ĉ ∈ Frn such that ρr(Â) =

ρr(Ĉ) = r and Â = B̂Ĉ.

Therefore, by definition of fuzzy rank ρ f (Â) ≤ ρr(Â). Also the preposition 4.12, using the column rank factorization we

similarly get ρ f (Â) ≤ ρc(Ĉ).
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Therefore ρ f (Â) ≤ min(ρr(Â), ρc(Â)).

2. we take ρ f (Â) = t, then there exist a least integer t with B̂ ∈ Fmt and Ĉ ∈ Ftn such that Â = B̂Ĉ, which is the

fuzzy rank factorization of Â.

Since P̂ÂQ̂ is defined, therefore we consider that P̂ ∈ Fpm and Q̂ ∈ Fnq.

Hence P̂ÂQ̂ = P̂(ÂB̂)Q̂ = (P̂B̂)(ĈQ̂) = V̂Ŵ.

Where V̂ = P̂B̂ ∈ Fpt and Ŵ = ĈQ̂ ∈ Fqt. Thus we have a decomposition of P̂ÂQ̂. Hence by definition of fuzzy rank we

get ρ f (P̂ÂQ̂) ≤ t = ρ f (Â).

3. Since ρ f (Â) = t, then by fuzzy rank factorization we get Â = B̂Ĉ with B̂ ∈ Fmt and Ĉ ∈ Ftn , where t is a least

positive integer. Then the result we get R(Â) = R(ÂB̂) = R(Ĉ).

Let R(Ĉ) = sł, where s is the smallest spanning set of R(Ĉ).

Hence R(Â) ⊆ sł.

4. Let s be the least number of matrices with rank 1 such that ,

Â = Â1 + Â2 + · · ·+ Âs

Here each Âs
i are of rank 1, therefore by preposition 5.3 each Âs

i are cross vectors. So there exist vectors ui ∈ Vm and

vi ∈ Vn such that Â = ut
i vi for each i ∈ {1, 2, . . . , n}. LetÛ ∈ Fms and V̂ ∈ Fsn be defined such that ith column of Û be

ut
i and ith row of V̂ be vi. Then Â = ÛV̂ is a fuzzy rank factorization and hence ρ f (Â) = s.

Example 5.5 Let us consider u1 = [(−2,−1, 0, 1, 2, 6), (−1, 0, 1, 2, 4, 6)] ∈ V2, u2 = [(−1, 0, 1, 3, 6, 9), (1, 2, 3, 4, 6, 8)] ∈

V2, v1 = [(−1, 0, 1, 3, 6, 9), (−1, 1, 6, 8, 10, 12), (−2,−1, 0, 1, 2, 6)] ∈ V3

and v2 = [(1, 2, 3, 4, 6, 8), (2, 4, 6, 8, 10, 12), (−1, 0, 1, 2, 4, 6)] ∈ V3. Now the cross vectors

Â1 = ut
1v1

=

(−2,−1, 0, 1, 2, 6)

(−1, 0, 1, 2, 4, 6)

((−1, 0, 1, 3, 6, 9) (−1, 1, 6, 8, 10, 12) (−2,−1, 0, 1, 2, 6)
)

=

(−6,−3, 0, 3, 6, 18) (−12,−6, 0, 6, 12, 36) (−2,−1, 0, 1, 2, 6)

(−3, 0, 3, 6, 12, 18) (−6, 0, 6, 12, 24, 36) (−1, 0, 1, 2, 4, 6)


Â2 = ut

2v2

=

(−1, 0, 1, 3, 6, 9)

(1, 2, 3, 4, 6, 8)

((1, 2, 3, 4, 6, 8) (2, 4, 6, 8, 10, 12) (−1, 0, 1, 2, 4, 6)
)

=

(−4, 0, 4, 12, 24, 36) (−7, 0, 7, 21, 42, 63) (−2, 0, 2, 6, 12, 18)

(4, 8, 12, 16, 24, 32) (7, 14, 21, 28, 42, 56) (2, 4, 6, 8, 12, 16)


Â = Â1 + Â2

=

(−6,−3, 0, 3, 6, 18) (−12,−6, 0, 6, 12, 36) (−2,−1, 0, 1, 2, 6)

(−3, 0, 3, 6, 12, 18) (−6, 0, 6, 12, 24, 36) (−1, 0, 1, 2, 4, 6)

+(−4, 0, 4, 12, 24, 36) (−7, 0, 7, 21, 42, 63) (−2, 0, 2, 6, 12, 18)

(4, 8, 12, 16, 24, 32) (7, 14, 21, 28, 42, 56) (2, 4, 6, 8, 12, 16)


Â =

(−10,−3, 4, 15, 30, 54) (−19,−6, 7, 27, 54, 99) (−4,−1, 2, 7, 14, 24)

(1, 8, 15, 22, 36, 50) (1, 14, 27, 40, 66, 92) (1, 4, 7, 10, 16, 22)
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Also,

Û =

(−2,−1, 0, 1, 2, 6) (−1, 0, 1, 3, 6, 9)

(−1, 0, 1, 2, 4, 6) (1, 2, 3, 4, 6, 8)


V̂ =

(−1, 0, 1, 3, 6, 9) (−1, 1, 6, 8, 10, 12) (−2,−1, 0, 1, 2, 6)

(1, 2, 3, 4, 6, 8) (2, 4, 6, 8, 10, 12) (−1, 0, 1, 2, 4, 6)


ÛV̂ =

(−10,−3, 4, 15, 30, 54) (−19,−6, 7, 27, 54, 99) (−4,−1, 2, 7, 14, 24)

(1, 8, 15, 22, 36, 50) (1, 14, 27, 40, 66, 92) (1, 4, 7, 10, 16, 22)

 = Â

∴ ÛV̂ = Â.

Corollary 5.6 Let Â ∈ Fmn and B̂ ∈ , the following results are true,

(i). ρ f (ÂB̂) ≤ min(ρr(Â), ρr(B̂))

(ii). ρ f (ÂB̂) ≤ min(ρc(Â), ρc(B̂))

(iii). ρ f (ÂB̂) ≤ min(ρr(Â), ρr(B̂), ρc(Â), ρc(B̂))

(i). Let us consider ρr(Â) = r, then by preposition 4.11 there exist matrices B̂ ∈ Fmr and Ĉ ∈ Frn such that ρr(Â) = ρr(Ĉ)

and Â = B̂Ĉ.

Therefore, by definition of fuzzy rank ρ f (ÂB̂)

we say that ρ f (ÂB̂) ≤ ρ f (Â) < ρr(Â),

similarly ρ f (ÂB̂) ≤ ρ f (B̂) < ρr(B̂),

Thus ρ f (ÂB̂) ≤ min{ρr(Â), ρr(B̂)}

(ii). In similar way we also prove that ρ f (ÂB̂) ≤ min{(ρc(Â), ρc(B̂)}

(iii). Using (i) and (ii) we concluded that ρ f (ÂB̂) ≤ min{ρr(Â), ρr(B̂, ρc(Â), ρc(B̂)}.

Corollary 5.7 Let Â ∈ Fmn then ρ f (ÂÂT) ≤ min{ρr(Â), ρc(Â)} and ρ f (ÂT Â) ≤ min{ρr(Â), ρc(Â)}. This proof is

straightforward to proof (iii) of corollary 5.6

Definition 5.8 The schein rank ρs(Â) of a Hexagonal fuzzy matrix Â is the least number of matrices of rank 1 whose sum

is Â.

Example 5.9 The schein ranks of the Hexagonal fuzzy matrix

Â =


(−2,−1, 0, 1, 2, 6) (0, 0, 0, 0, 0, 0) (−2,−1, 0, 1, 2, 6)

(−2,−1, 0, 1, 2, 6) (−2,−1, 0, 1, 2, 6) (−1, 0, 1, 2, 4, 6)

(0, 0, 0, 0, 0, 0) (−2,−1, 0, 1, 2, 6) (−2,−1, 0, 1, 2, 6)

 are 3,because

Â = Â1 + Â2 + Â3.

Where,

Â1 =


(−2,−1, 0, 1, 2, 6)

(−2,−1, 0, 1, 2, 6)

(0, 0, 0, 0, 0, 0)

((−2,−1, 0, 1, 2, 6) (0, 0, 0, 0, 0, 0) (0, 0, 0, 0, 0, 0)
)

=


(−2,−1, 0, 1, 2, 6) (0, 0, 0, 0, 0, 0) (0, 0, 0, 0, 0, 0)

(−2,−1, 0, 1, 2, 6) (0, 0, 0, 0, 0, 0) (0, 0, 0, 0, 0, 0)

(0, 0, 0, 0, 0, 0) (0, 0, 0, 0, 0, 0) (0, 0, 0, 0, 0, 0)
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Â2 =


(0, 0, 0, 0, 0, 0)

(−2,−1, 0, 1, 2, 6)

(−2,−1, 0, 1, 2, 6)

((0, 0, 0, 0, 0, 0) (−2,−1, 0, 1, 2, 6) (0, 0, 0, 0, 0, 0)
)

=


(0, 0, 0, 0, 0, 0) (0, 0, 0, 0, 0, 0) (0, 0, 0, 0, 0, 0)

(0, 0, 0, 0, 0, 0) (−2,−1, 0, 1, 2, 6) (0, 0, 0, 0, 0, 0)

(0, 0, 0, 0, 0, 0) (−2,−1, 0, 1, 2, 6) (0, 0, 0, 0, 0, 0)



Â3 =


(−2,−1, 0, 1, 2, 6)

(−1, 0, 1, 2, 4, 6)

(−2,−1, 0, 1, 2, 6)

((0, 0, 0, 0, 0, 0) (0, 0, 0, 0, 0, 0) (−2,−1, 0, 1, 2, 6)
)

=


(0, 0, 0, 0, 0, 0) (0, 0, 0, 0, 0, 0) (−2,−1, 0, 1, 2, 6)

(0, 0, 0, 0, 0, 0) (0, 0, 0, 0, 0, 0) (−1, 0, 1, 2, 4, 6)

(0, 0, 0, 0, 0, 0) (0, 0, 0, 0, 0, 0) (−2,−1, 0, 1, 2, 6)


With all Âs

i are of rank 1.

6 Scalar Multiplication

Scalar multiplication of matrices is also very important in matrix theory as well as in linear algebra.

Definition 6.1 Let Â = (ãhij) be the Hexagonal fuzzy matrix. (i,e) Â ∈ Fmn. Then for any scalar k ∈ F, the multiplication

of Â is defined by kÂ and is defined by

kÂ =

(kãij1, kãij2, kãij3, kãij4, kãij5, kãij6) i f k > 0

(kãij6, kãij5, kãij4, kãij3, kãij2, kãij1) i f k < 0

Example 6.2 For the matrix Â =

(−2,−1, 0, 1, 2, 6) (−1, 0, 1, 3, 6, 9)

(−1, 0, 1, 2, 4, 6) (−1, 1, 6, 8, 10, 12)

 and for k > 0 and k < 0.

If k = 2 then Â becomes,

Â =

(−4,−2, 0, 2, 4, 12) (−2, 0, 2, 6, 12, 18)

(−2, 0, 2, 4, 8, 12) (−2, 2, 12, 16, 20, 24)

 and,

k = −1then Â becomes,

Â =

 (−6,−2,−1, 0, 1, 2) (−9,−6,−3,−1, 0, 1)

(−6,−4,−2,−1, 0, 1) (−12,−10,−8,−6,−1, 1)


Let Â ∈ Fmn and if kÂ denotes the scalar multiplication of Â with k then,

(i). R(kÂ) ⊆ R(Â)

(ii). C(kÂ) ⊆ R(Â)

(i). Let us consider Â = (ãhij) ∈ Fmn , where ãhij ∈ F. Then kÂ = (kãhij) ∈ Fmn.

Therefore R(Â) ⊆< s >, where,

S = {(ãh11, ãh12, . . . , ãh1n), (ãh21, ãh22, . . . , ãh2n), . . . , (ãhm1, ãhm2, . . . , ãhmn)}

(i,e), R(Â) can be written as

R(Â) = ∑m
i=1 xhi(ãhi1, ãhi2, . . . , ãhin)
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and similarly

R(kÂ) = ∑m
i=1 kxhi(ãhi1, ãhi2, . . . , ãhin)

Let α be any element of R(kÂ) then α ∈ R(kÂ). (i.e), α can be written as

α = ∑m
i=1 kxhi(ãhi1, ãhi2, . . . , ãhin) where xhi ∈ F,

= ∑m
i=1 yhi(ãhi1, ãhi2, . . . , ãhin) where yhi = kxhi ∈ F.

Hence α ∈ R(kÂ)

Therefore R(kÂ) ⊆ R(Â).

(ii).Similarly, by using the transpose of a matrix we get the same result for column space.

(i,e),C(kÂ) ⊆ R(Â). Let Â ∈ Fmn and k ∈ F then,

(i). ρr(kÂ) ≤ ρr(Â)

(ii). ρc(kÂ) ≤ ρc(Â)

(iii). ρ f (kÂ) ≤ ρr(Â)

Let ρr(Â) = p, then p ≤ m. Therefore, R(Â) has p linearly independent vectors, say α1, α2, . . . , αp. Then R(Â) =

∑
p
i=1 xhiαi and αi cannot be expressed as the linear combination of order, (i,e), α1, α2, . . . , α(i− 1), α(i + 1), . . . , αp.

Let β1, β2, . . . , βq be another row vectors of Â+ which can be expressed as the linear combinations of α1, α2, . . . , αp

and p + q = m, then any β j can be expressed as,

β j = ∑
p
i=1 x̃hijαi with j = 1, 2, .., q, x̃hij ∈ F. So,

kβ j = ∑
p
i=1 kx̃hijαi = ∑

p
i=1 x̃hij(kαi).

(i,e) kβs
j are expressed as linear combination of kαi for j = {1, 2, . . . , q} and i = {1, 2, . . . , p}.

(i,e) if kα1, kα2, . . . , kαp are linearly independent, then ρr(kÂ) = ρr(Â) = p.

Here there is three cases arises,

case(i)

If k > 0, then

kãhij = ãhij for all i,j. For this case kαi = αi.

Therefore ρr(kÂ) = αr(Â) = p.

case(ii)

If k = 0, then

kãhij = Ô.

Therefore, kÂ being a zero matrix for this case ρr(kÂ) = 0 < ρr(Â) = p.

case(iii)

If k < 0, then

kãhij = ãhij for all i,j. For this case kαi = −αi. Then,

Therefore ρr(kÂ) = ρr(Â) = p and if one of kαi expressed as linear combination of others then,

ρr(kÂ) = ρr(Â) = p

Combining the above three cases we concluded that,

ρr(kÂ) ≤ ρr(Â).
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(ii).Similarly, we can prove ρc(kÂ) ≤ ρc(Â).

(iii).Let ρ f (Â) = t, then Â can be written as the sum of t matrices of rank 1 sayÂ1, Â2, . . . , Ât.

Then, Â = Â1 + Â2 + · · ·+ Ât or kÂ = kÂ1 + kÂ2 + · · ·+ kÂt.

Since Â(
i , s) are all cross vectors therefore kÂi are also cross vectors i = 1, 2, . . . , t. Now if one of kÂi can be

expressed as the sum of other

(i,e),kÂ = kÂ1 + kÂ2 + · · ·+ kÂ(i− 1) + kÂ(i + 1) + · · ·+ kÂi, for this case ρ f (kÂ) = t. The process is repeated

until no such cross vector can be removed.

(i,e) ρ f (kÂ) = ρ f (Â)

If the kÂ become zero matrix then, ρ f (kÂ) = 0 < ρ f (Â). Combining these cases then we have,

ρ f (kÂ) ≤ ρ f (Â).

Example 6.3 Let us consider the Hexagonal fuzzy matrix

Â =

(−10,−3, 4, 15, 30, 54) (−19,−6, 7, 27, 54, 99) (−4,−1, 2, 7, 14, 24)

(1, 8, 15, 22, 36, 50) (1, 14, 27, 40, 66, 92) (1, 4, 7, 10, 16, 22)

 with ρr(Â) = 2.

Also let k = 1 then,

kÂ =

(−10,−3, 4, 15, 30, 54) (−19,−6, 7, 27, 54, 99) (−4,−1, 2, 7, 14, 24)

(1, 8, 15, 22, 36, 50) (1, 14, 27, 40, 66, 92) (1, 4, 7, 10, 16, 22)

 then using RREF kÂ is reduced in

the row rank and column rank is ρr(kÂ) = ρc(kÂ) = 2.

Also we see that,

kÂ =

(−2,−1, 0, 1, 2, 6)

(−1, 0, 1, 2, 4, 6)

((−1, 0, 1, 3, 6, 9) (−1, 1, 6, 8, 10, 12) (−2,−1, 0, 1, 2, 6)
)

+(−1, 0, 1, 3, 6, 9)

(1, 2, 3, 4, 6, 8)

((1, 2, 3, 4, 6, 8) (2, 4, 6, 8, 10, 12) (−1, 0, 1, 2, 4, 6)
)

If k = 0 then the ρr(kÂ) < ρr(Â) as well as ρc(kÂ) < ρc(Â).

∴ ρ f (kÂ) = 2 < ρ f (Â).

7 Conclusion

In this paper, we find out the different types of ranks of Hexagonal fuzzy matrices such as fuzzy rank, fuzzy

full rank, cross vector and schein rank. The evaluation of rank in a topics of Hexagonal fuzzy matrices in fuzzy

algebra F have been attempted. Our future investigation of study may be in the domain of fuzzy linear space of

fuzzy linear system under fuzzy rank method.
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