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ABSTRACT. A simple geodesic path cover SGPC of a graph G is a decomposition of G into shortest paths such that any two members

of the decomposition share at most one vertex. The minimum cardinality of a simple geodesic path cover of G is called the simple

geodesic path covering number of G and is denoted by πsg(G). This concept was introduced in [3]. This paper further studies this

concept.

1. Introduction

The graphs considered in the paper are finite, simple, connected and undirected graphs. For the terms not

defined here, one may refer to [2]. For a path P = (v0, v1, v2, ..., vn) of a graph G, the vertices v1, v2, ..., vn−1 are the

internal vertices of P while v0, vn are the external vertices(here v0 is called the origin of P and vn is called the terminal

of P).

A decomposition of a graph G is a collection of subgraphs of G such that every edge of G is in exactly one

member of the collection. A simple geodesic path cover (SGPC) of a graph G is a decomposition ψ of G into shortest

paths in G such that any two paths in ψ have at most one vertex in common. Certainly, ψ = E(G) is a SGPC, which

is called the trivial SGPC of G. The minimum cardinality of a SGPC of G is called the simple geodesic path covering

number of G that is denoted by πsg(G). A SGPC with cardinality πsg(G) is refered as a πsg-cover or a minimum

SGPC of G. The concept of simple geodesic path cover was introduced in [3].
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Let us recall some terminologies that have been defined in [3]. If ψ is a path cover of a graph G, the interior

degree of a vertex v ∈ V with respect to ψ, denoted by idψ(v), is defined to be the number of paths in ψ having v

as an internal vertex. The exterior degree edψ(v) of v with respect to ψ is defined to be edψ(v) =
⌊

deg v
2

⌋

− idψ(v).

The exterior sum of ψ, denoted by es(ψ), is the sum of the exterior degrees of all the vertices of G with respect to ψ.

That is, es(ψ) = ∑
v∈V

edψ(v). Now, the exterior sum of G, denoted by es(G), is defined to be es(G) = min
ψ∈P(G)

es(ψ),

where P(G) denotes the set of all path covers of G.

What follows is a formula for determining the value of πsg(G) in terms of es(G) and the number of vertices of

odd degree.

Theorem 1.1. ([3]) For any graph G, πsg(G) = k(G)
2 + es(G), where k(G) denotes the number of vertices of odd degree.

In this paper, we extend the study of simple geodecic path covers by relating them with Helly property.

2. SGPC and Helly property

A collection F of subsets of a non-empty set is said to have the Helly property if all the members of each

pairwise intersecting subfamily of F has an element in common. In the context of graphs, the Helly property of

a collection ψ = {H1, H2, ..., Ht} of subgraphs of G can be interpreted as follows. The collection ψ is said to have

the Helly property if for every subcollection ψ′ = {Hi1
, Hi2

, ..., Hir
} with the property that V(Hij

) ∩ V(Hik
) 6= φ,

for all j and k; where 1 ≤ j < k ≤ r, we must have
r
⋂

j=1
V(Hij

) 6= φ. For example, for the graph G given in

Figure 1, consider the subgraphs H1 = 〈{v1, v2, v3}〉, H2 = 〈{v3, v5, v6}〉, H3 = 〈{v2, v4, v5}〉, H′
1 = 〈{v2, v3, v5}〉,

H′
2 = 〈{v4, v5}〉 and H′

3 = 〈{v5, v6}〉. Then ψ1 = {H1, H2, H3} does not satisfy the Helly property whereas

ψ′
1 = {H′

1, H′
2, H′

3} satisfies the Helly property.

b

b

b b

b

v1

v2 v3

v4 v5 v6

Figure 1: The graph G.

b

In fact, there are graphs where every collection of subgraphs satisfies the Helly property, namely trees, as

stated in the following theorem whose proof is available in [1].

Theorem 2.1. ([1]) Every family of subtrees of a tree satiefies the Helly property.

In this section, we are interested to discuss the Helly propery of ψ when ψ is a SGPC of a graph G. Rewriting the

definition of the Helly property for a SGPC ψ of G, ψ is said to have the Helly property if whenever any two paths

of a subfamily ψ′ of ψ have a vertex in common, there must be a vertex common to all the paths in ψ′. A SGPC satis-
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fying the Helly property is refered as a H-SGPC. For example, ψ1 = {(v1, v2, v7, v8), (v7, v5, v6), (v2, v3, v4), (v4, v5)}

and ψ2 = {(v1, v2, v7, v5, v6), (v7, v8), (v2, v3, v4), (v4, v5)} are SGP covers of the graph G given in Figure 2 of which

ψ1 is a H-SGPC but ψ2 is not a H-SGPC.

b b b b b

b

v1 v2 v3 v4 v5 v6

v7

v8

Figure 2: A Graph G with a H-SGPC and a non- H-SGPC .

b

b

The following theorem provides neccessary and sufficient condition for a graph G to have a H-SGPC.

Theorem 2.2. A graph G has a H-SGPC if and only if G is triangle-free.

Proof. Suppose G is triangle-free. Consider the SGPC ψ = E(G), the edge set of G. Then the members of any

pairwise intersecting subfamily of ψ form a star in G and so the center vertex of this star is a vertex common to all

the members of the subfamily. Hence ψ satisfies the Helly property.

Conversely, suppose G has a triangle, say C = (x, y, z, x). Let ψ be any SGPC of G. Then the edges xy, yz

and xz lie on three different paths in ψ, say P(1), P(2) and P(3) respectively. Clearly,
{

P(1), P(2), P(3)

}

is a pairwise

intersecting family of paths in ψ. If there exists a vertex u which is common to the paths P(1), P(2) and P(3), then the

vertices x and u are common to both P(1) and P(2), which is a contradiction. Hence V(P(1)) ∩ V(P(2)) ∩ V(P(3)) =

φ. Thus ψ is not a H-SGPC. �

Note that the SGPC ψ provided in the proof of Theorem 2.2 for the existence of a H-SGPC in a triangle-free

graph is trivial; that is ψ = E(G). So it is quite natural to seek for the existence of a non-trivial H-SGPC in a

triangle-free graph. For example, in view of Theorem 2.1, any tree admits a non-trivial H-SGPC; in fact, every

SGPC of a tree satisfies the Helly property as stated below.

Theorem 2.3. Every SGPC of a tree is a H-SGPC.

So, we turn our attention to graphs that are not trees admitting a non-trivial H-SGPC. In this direction, we get

the following result.

Theorem 2.4. Let G be a graph with g(G) ≥ 4. Then G has two non-trivial SGP covers of which one is a H-SGPC and the

other is not a H-SGPC.

Proof. Choose a cycle C = (u1, u2, ..., us, u1), where s ≥ 4, in G. Consider the paths P(1) = (u1, u2, ..., u⌈ n
2 ⌉
),

P(2) = (u⌈ n
2 ⌉

, u⌈ n
2 ⌉+1, ..., un−2, un−1), P(3) = (un−1, un), P(4) = (un, u1) and P(5) = (u⌈ n

2 ⌉
, u⌈ n

2 ⌉+1, ..., un). Then

ψ1 = {P(1), P(2), P(3), P(4)} ∪ S and ψ2 = {P(1), P(4), P(5)} ∪ S, where S = E(G)− E(C), are non-trivial SGP covers

of G. We now claim that ψ1 is a H-SGPC. Let ψ′
1 be a pairwise intersecting subfamily of ψ1. Then ψ′

1 contains at

most two of the paths P(1), P(2), P(3) and P(4). If ψ′
1 contains none of these paths, then ψ′

1 consists only of some
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edges from S, that form a star and thus we are done. Suppose ψ′
1 contains exactly two of these four paths, then

they two must be consecutive, say, for instance P(1) and P(2). Certainly u⌈ n
2 ⌉

is the only vertex common to P(1)

and P(2). If
∣

∣ψ′
1

∣

∣ = 2, nothing to prove, otherwise ψ′
1 consists of P(1), P(2) and some edges from S that are incident

at u⌈ n
2 ⌉

and so u⌈ n
2 ⌉

is the vertex common to all the paths in ψ′
1 as desired. In a similar way, we can have a vertex

common to all the paths in ψ′
1 when ψ′

1 contains exactly one of the four paths.

Now, ψ′
2 = {P(1), P(4), P(5)} is a pairwise intersecting subfamily of ψ2, whereas there exists no vertex in G

common to the paths P(1), P(4) and P(5). Hence ψ2 is not a H-SGPC. �

Corollary 2.5. Every SGPC of a graph G is a H-SGPC if and only if G is a tree.

Proof. Suppose any SGPC of a graph G is a H-SGPC. If g(G) 6= 2, then Theorem 2.2 implies that the girth g(G) ≥ 4.

Now, Theorem 2.4 guarantees the existance of a SGPC which does not satisfy the Helly property, a contradiction

to the assumption and thus G is a tree. The converse follows from Theorem 2.1. �

Let us turn our attention to minimum SGP covers that satisfy the Helly property. Theorems 2.3 and 2.4 assert

that every triangle-free graph admits a non-trivial H-SGPC. However, it is not neccessary for a triangle-free graph

to have always a πsg-cover satisfying the Helly property (see Example 2.6).

Example 2.6. Consider the graph G of Figure 3. It can be verified that πsg(G) = 4.

b
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Figure 3: The graph with no πsg−cover satisfying the Helly property.

b

Further, in any πsg-cover ψ of G, the edges of the subgraph H = 〈{v1, v2, v3, v4, v5, v6}〉 of G will be contained in

exactly four paths in ψ. Now, it is possible to find out a pairwise intersecting subfamily ψ′ of ψ containing exactly

three of these four paths. But there will be no vertex common to all these three paths in ψ′. So, ψ is not a H-SGPC.

In fact, there are triangle-free graphs with arbitrarily large simple geodesic path covering number that admitting

(not admitting) a πsg-cover which is a H-SGPC as shown below.

Theorem 2.7. For every positive integer l, there exists a graph G with πsg(G) = l that does not admit a minimum SGPC

satisfying the Helly property.

Proof. Let l be a given positive integer with l ≥ 3. We construct a graph G with πsg(G) = l such that G does not

admit a πsg-cover satisfying the Helly property. Consider a path P = (v1, v2, ..., v2l−1) on 2l − 1 vertices. Introduce

l − 2 vertices namely w1, w2, ..., wl−2. For each i ∈ {1, 2, .., l − 2}, join wi to the vertices v2i and v2i+2. Let G be the
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resultant graph. We prove that the graph G with πsg(G) = l that does not admit a πsg-cover satisfying the Helly

property. For πsg(G) = 4, a graph G with no πsg-cover satisfy the Helly property is given in Figure 4.

b b b b b b

b b

w1 w2

v1 v2 v3 v4 v5 v6 v7

Figure 4: The graph with no πsg−cover satisfying the Helly property.

b

Consider the following collections of paths in G.

ψsg = {(v1, v2, ..., v2l−1), (v2, w1), (wl−2, v2l−2)} ∪

{(wi, v2i+2, wi+1) : i = 1, 2, ..., l − 3}

Then ψsg is a SGPC of G so that πsg(G) ≤
∣

∣ψsg

∣

∣ = l. Consider, an arbitrary SGPC ψ1 of G. For each, i ∈

{1, 2, ..., l − 2}, the edges of the path (v2i, wi, v2i+2) are contained in at least two paths in ψ1 so that the vertex wi is

an external vertex of a path in ψ1; this means that the exterior degree of the vertex wi is 1. Therefore es(ψ1) ≥ l − 2

and so es(G) ≥ l − 2. Thus by Theorem 1.1, we get πsg(G) ≥ 4
2 + (l − 2) = l. Hence πsg(G) = l.

Now, consider the subfamily {(v1, v2, ..., v2l−1), (v2, w1), (w1, v4, w2)} of ψsg which is pairwise intersecting but

there is no vertex in G common to all the paths in this subfamily. Hence G does not admit a πsg-cover which

satisfying the Helly property. �

Theorem 2.8. Given positive integer l, there exists a triangle-free graph G with πsg(G) = l that admits a minimum SGPC

satisfying the Helly property.

Proof. Let l be a given positive integer with l ≥ 4. We construct a graph G with πsg(G) = l such that G admits

a πsg-cover satisfying the Helly property. Consider a path P = (v1, v2, v3, v4, v5, v6, v7) on 7 vertices. Introduce a

vertex namely w. Join the vertex w to the vertices v2 and v6. Now, attach 2l − 7 pendant edges namely u1, u2, ...

, u2l−7 at the vertex w. Let G be the resultant graph. We prove that the graph G with πsg(G) = l that admits a

πsg-cover satisfying the Helly property. For πsg(G) = 5, a graph G with πsg-cover satisfying the Helly property

is given in Figure 5.
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Figure 5: The graph with πsg−cover satisfying the Helly property.
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Consider the following collections of paths in G.

ψsg = {(v1, v2, w, u1), (w, v6, v7), (v2, v3, v4), (v4, v5, v6)} ∪

{(ui, w, ui+1) : i = 2, 4, 6, ..., 2l − 8}

Then ψsg is a SGPC of G so that πsg(G) ≤
∣

∣ψsg

∣

∣ = l. Consider, an arbitrary SGPC ψ1 of G. The edges of the

path (v2, v3, v4, v5, v6) are contained in at least two paths in ψ1 so that one of the vertices v3, v4 and v5 must be

an external vertex of a path in ψ1 ; this means that the exterior degree of one of these vertices is 1. Therefore

es(ψ1) ≥ 1 and so es(G) ≥ 1. Thus by Theorem 1.1, we get πsg(G) ≥ 2l−2
2 + 1 = l. Hence πsg(G) = l.

Here, every pairwise intersecting subfamily of ψsg have a vertex in G common to all the paths in this subfamily.

Hence the graph G admits a πsg-cover which satisfying the Helly property. �

As observed in Corollary 2.5, trees are the only graphs where any SGPC is also a H-SGPC. While searching for

a graph where every minimum SGPC is a H-SGPC, we could not find one such graph other than trees and thus we

take the risk of posing the following conjecture.

Conjecture 2.9. Every minimum SGPC of a graph G satisfies the Helly property if and only if G is a tree.
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