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ABSTRACT. Let G = (V, E) be a simple connected graph. An ordered subset W of V is said to be a resolving set of G if every
vertex is uniquely determined by its vector of distances to the vertices in W. The minimum cardinality of a resolving set is
called the resolving number of G and is denoted by r(G). As an extension, the total resolving number was introduced in [6] as the
minimum cardinality taken over all resolving sets in which (W) has no isolates and it is denoted by tr(G). In this paper, we ob-

tain the bounds on the total resolving number of subdivision graphs and total graphs. Also, we characterize the extremal graphs.

1 Introduction
Let G = (V, E) be a finite, simple, connected and undirected graph. The degree of a vertex v in a graph G is the

number of edges incident to v and it is denoted by d(v). The maximum degree in a graph G is denoted by A(G)
and the minimum degree is denoted by §(G). The distance d(u, v) between two vertices # and v in G is the length
of a shortest u-v path in G. The maximum value of distance between vertices of G is called its diameter. P, denote
the path on n vertices. C, denote the cycle on n vertices. K, denote the complete graph on n vertices. A graph is
acyclic if it has no cycles. A tree is a connected acyclic graph. A spider is a tree with one vertex of degree at least 3
and all others with degree at most 2. A complete bipartite graph is denoted by K. A star is denoted by Ky ,,_1. A
tree obtained by joining the centres of two stars K; ; and Kj ; by an edge is called a bistar and it is denoted by B ;.

For a cut vertex v of a connected graph G, suppose that the disconnected graph G \ {v} has k components
G1,Gy, ..., Gg (k > 2). The induced subgraphs B; = G[V(G;) U {v}] are connected and referred to as the brances

of G atv. A cut vertex v is a path support if there is a nontrivial path as a branch at v; a simple path support if there is
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exactly one path support at v; a multi path support if there are more than one path support at v. A graph contains
exactly one cycle is called a unicyclic graph. To identify non adjacent vertices x and y of a graph G is to replace these
vertices by a single vertex which is incident to all the edges which were incident in G to either x or y. A (k, I)-kite
is a graph obtained by identifying any vertex of a cycle C with an end vertex of a path P;. A partition of a set A is
alist Ay, Ay, ..., Ay of subsets of A such that each element of A appears in exactly one subset in the list.

A vertex of degree at least 3 in a graph G is called a major vertex of G. Any end vertex u of G is said to be a
terminal vertex of a major vertex v of G if d(u,v) < d(u, w) for every other major vertex w of G. The terminal degree
ter(v) of a major vertex v is the number of terminal vertices of v. A major vertex v of G is an exterior major vertex
of G if it has positive terminal degree. Let 0(G) be the sum of the terminal degrees of the major vertices of G and
ex(G) be the number of exterior major vertices of G. Let 8(G) be the number of exterior major vertices of G with
terminal degree at least two.

IfW = {wy,wy,... wy} € V(G) is an ordered set, then the ordered k-tuple (d(v, wy),d(v, ws), ..., d(v, wy)) is
called the representation of v with respect to W and it is denoted by r(v|W). Since the representation for each
w; € W contains exactly one 0 in the i*" position, all the vertices of W have distinct representations. W is called
a resolving set for G if all the vertices of V \ W also have distinct representations. The minimum cardinality of
a resolving set is called the resolving number of G and it is denoted by r(G). In [6] we introduced and studied
total resolving number. If W is a resolving set and the induced subgraph (W) has no isolates, then W is called a
total resolving set of G. The minimum cardinality taken over all total resolving sets of G is called the total resolving
number of G and is denoted by tr(G).

In this paper, we obtain the bounds on the total resolving number of subdivision graphs and total graphs.

Also, we characterize the extremal graphs.

2 Total Resolving Number of Graphs

The following results are used in subsequent sections.
Observation 2.1. [6] Let {wy,wp} C V(G) be a total resolving set in G. Then the degrees of wy and wy are at most 3.
Theorem 2.2. [6] Forn > 3, tr(P,) = 2 and tr(C,) = 2.
Observation 2.3. [6] Let G a graph of order n > 3. Then 2 < tr(G) <n — 1.

Observation 2.4. [6] Let G be a unicyclic graph with even cycle Cy. Then tr(G) = 2 if and only if at most two adjacent

vertices of Cy are simple path supports and no vertex of G is a multi path support.
Theorem 2.5. [6] If T is a tree that is not a path, then tr(T) = o(T) — ex(T) + 6(T).

Notation 2.6. [7] Let & be the collection of graphs G such that G is the union of two distinct paths Py : x1x3...xr,
Dy iy1yn...ys, v < sand x1y1 € E(G), x;y; € E(G) for at least onei,2 < i <r.

Theorem 2.7. [7] If G is a bipartite graph that is not a path, then tr(G) = 2 ifand only if G € 4.
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3 Subdivision Graphs

In this section, we obtain the bounds for the total resolving number of subdivision graph of a general graph

and characterize the extremal graphs.

Definition 3.1. The subdivision graph S(G) of a graph G is the graph obtained from G by deleting every edge uv of G and

replacing it by a vertex w of degree 2 that is joined to u and v.
By Theorems 2.2 and 2.5, we have the following Observation.

Observation 3.2. Forn > 3,
(Dtr(S(Py)) = tr(Py) =2
(ii)tr(S(Cy)) = tr(Cp) =2
(ii)tr(S(T)) = tr(T) = o(T) — ex(T) + 6(T).

Theorem 3.3. Let G be a graph of order n > 3. Then 2 < tr(S(G)) < n —1.

Proof. By Observation 2.3, tr(S(G)) > 2. Next, we claim that t7(S(G)) < n — 1. We consider the following two
cases.
Case1:A(G)=n—1.

Let V(G) = {v1,02,...,un}, where d(v1) = n — 1. Let v;; be the new vertex of the edge v;v; in S(G). Let
W = {o1} U{v12,013,...,01(4—1) }- Then the first coordinate of the representation of v;, is 1 and others are 2, first
coordinate of the representation of vy is 2 and others are 3, for 2 < i # j < n— 1, i and j coordinates of the
representation of v; j are 2 and vV} € E(G)andfor2 <i<n-1, i" coordinate of the representation of v;, is 1
and v;v, € E(G). It follows that W is a resolving set of S(G). Since (W) has no isolates, tr(S(G)) < n — 1.
Case2:A(G) <n—2.

If n = 3 or 4, then we can easily verify that t(S(G)) < n — 1. So we may assume thatn > 5. Let V1, V;,..., V}
be the partition of V(G) and |V;| = r;, where V; = {v;1,vp,...,vj,} and v;; is adjacent to all vertices of V; for all
1<i<k.Since A(G) <n—2,k>2Now,let|V;| >3and|V;| > 2forall2 <i <k Letvi]-be the new vertex of the
edgev;v;in S(G).Let W = {v;1 / 1 <i <k} U{vqq)i) /2 < i <1 =13 U001 32), 01y @3)r -+ V(i) (ir) / 2 S 0 <
k}. We claim that W is a resolving set of S(G). Let x, y be two distinct vertices of V(S(G)) \ W. Let X; = V(S (V})),
1<i<kIfxy€ X thenr(x|WnNX;) # r(ylWNX;)and hence r(x|W) # r(y|[W).If x € X;and y € X, i # ],
let A = X; UX;. Then r(x|WN A) # r(y|[W N A) and hence r(x|W) # r(y|W). Now, we assume that x ¢ X; for all
1 <i < k. We consider the following two subcases.

Subcase 2.1:y € X; forsome 1 <i <k.

Without loss of generality, let y € X;.If d(x, w) # d(y, w) for some w € W N X, then r(x|W) # r(y|W). So we
may assume that d(x, w) = d(y, w) for allw € W N X;. Then x is the neighbor of v1; and y = vy,,. Since d(x) =2,
neighbor of x other than v1; belongs to X; for some 2 < i < k. Without loss of generality, let X, be such set. Then
d(x,w) > d(y, w) for all w € WN X; and hence r(x|W) # r(y|W).

Subcase22:y ¢ X;foralll <i <k
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Since d(x) = d(y) =2in S(G), let N(x) = {x1,x2} and N(y) = {y1,y2}- Then x1, x2, y» and y, are in union of
two, three or four partite sets of V(G). Without loss of generality, let x1, x2, y1,y2 € Vi UVo UV U V. If x1, 11 € V7,
xp € Voandy, € Vaorxy € Vi, y1 € Vo, xp € Vzand iy € Vi, then r(x|W N Xq) # r(y|W N X;q). It follows that
r(x|W) # r(y|W). Let x;,y1 € Vi and x5, 2 € Vo and B = X1 U Xp. If x1 # yp and x5 # yp, then r(x|A) # r(y|A).
If x; = y1 and xp # Yo, then r(x|W N Xp) # r(y|W N Xz) and hence r(x|W) # r(y|W).

Thus W is a resolving set of S(G). Since (W) has no isolates and |[W| =n — 1, t7(S(G)) <n —1. O

Theorem 3.4. Fors,t >2andt > s, tr(S(Kst)) = s+t —2.

Proof. Let V(Kst) = SUT, where S = {u; /1 <i<s}, T={v;/1<j<t}and E(Kst) ={uv; /1 <i<s1<
j<t}.Let A=SUTandB = E(Kst). Then V(S5(K,+)) = AU B. Let W be a total resolving set of S(K; ;). First, we
claim that t7(S(Ks¢)) > s+t — 2.

Suppose tr(S(Kst)) < s+t — 3. Since W is a total resolving set, either  WNV(A)| <s—2and |[WNV(B)| <
t—1lor[WNV(A)| <s—land |WNV(B)| <t—-2.If[WNV(A)| <s—1land |WNV(B)| < t—2,thenatleasttwo
vertices of V(T) are not in W. Let v; and v; be such vertices. Since W is a total resolving setand [WNV(B)| < t —2,
neighbors of v1 and v, are not in W. Thus r(v1|W) = r(va|W), which is a contradiction. If  WNV(A)| < s—2and
[WNV(B)| <t—1,then at least two vertices of V(T) and V(S) are not in W. Let v1, v and uy, u be such vertices.
Since W is a total resolving set and |W N V(B)| < t — 1, either neighbors of v; and v or 17 and u; are notin W.
Without loss of generality, let 11 and uy be such vertices. Thus r(u1|W) = r(u3|W), which is a contradiction. Thus

tr(S(Ksy)) > s+t —2. By Theorem 3.3, t7(S(Ks¢)) < s+t — 2 and hence tr(S(Kst)) = s+t — 2. O
Theorem 3.5. Forn > 3,tr(S(K,)) =n—1.

Proof. Let V(Ky,) = {v1,v2,...,04} and E(K,) = {viv]» /1<i<n2<j<mni<j}LtM = V(K,)and
N = E(Ky). Then V(S(K;;)) = MU N. Let W be a total resolving set of S(Kj,). By Theorem 3.3, tr(S(Ky)) < n —1.
Next, we claim that t7(S(Ky)) > n — 1.

Suppose tr(S(K,)) < n—2.Since W is a total resolving set, |W N V(M) > 1|. Since tr(S(K,)) < n—2,
[WNV(N)| <n—3.If [ WNV(M)| = 1, then without loss of generality, let v; € W. Since W is a total resolving set
and [WNV(N)| <n—-3, (W\{v1}) C {v1v3,0103,...,010,} and |W \ {v1}| = n — 3. Without loss of generality,
let W\ {v1} = {v102,v103,...,0104_2}. Then r(v,_1|W) = r(v,|W), which is a contradiction. Similarly, we can
prove other cases. Thus tr(S(K,)) > n — 1.

Hence tr(S(K,)) =n — 1. O

Remark 3.6. By Observation 3.2, tr(S(Ky ,—1)) =n—1land tr(S(Bst)) = s+t
Theorem 3.7. Let G be a graph of order n > 3. Then tr(S(G)) = 2 if and only if G is isomorphic to P, or Cy, or (k,1)-kite.

Proof. Assume that tr(S(G)) = 2. Since S(G) is a bipartite graph, by Theorem 2.7, we can easily verify that G
is isomorphic to P, or C, or (k,I)-kite. Conversely, if G = Py, then S(G) = P5,_1 and hence by Theorem 2.2,
tr(S(G)) = 2. If G = Cy, then S(G) = Cyy, and hence by Theorem 2.2, tr(S(G)) = 2. If G 2(k, 1)-kite, then
S(G) =2 (2k, 21)-kite and hence by Observation 2.4, t(S(G)) = 2. O
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Theorems 3.3 and 3.5 with the first part of Remark 3.6 suggest the following.

Open problem 3.8. If G is a connected graph of order n, then characterize graphs for which tr(S(G)) = n — 1.

4 Total Graphs

In this section, we obtain the bounds for the total resolving number of total graph of a general graph and
characterize the extremal graphs. Also, we determine the exact value of total resolving number of the total graph

of cycles, spiders and bistars.

Definition 4.1. The total graph T(G) of a graph G is a graph whose vertex set is V(T(G)) = V(G) U E(G) and two
distinct vertices x and y of T(G) are adjacent if x and y are adjacent vertices of G or adjacent edges of G or x is a vertex

incident with edge y.
Theorem 4.2. Let G be a graph of order n > 3. Then tr(T(G)) = 2 if and only if G = P,.

Proof. Let V(G) = {v1,v,...,v4}. Then V(T(G)) = V(G) UE(G).

Assume that tr(T(G)) = 2. Let W = {w;,wy} be a total resolving set of T(G). Then by Observation 2.1,
d(wy) < 3 and d(wp) < 3. First, we claim that 6(G) = 1. Suppose §(G) > 2. If n = 4, then tr(T(G)) = 3. If
n > 5, then 6(G) > 4. By Observation 2.1, tr(T(G)) > 3, which is a contradiction. Thus §(G) = 1. Now, we
claim that A(G) = 2. Suppose A(G) > 3. Suppose G = (3,1)-kite. If | = 1 or 2, then tr(T(G)) = 3. Let] > 3. Let
0100301 be the cycle of (3,1)-kite, u be the pendant and v be its neighbor. Let d(v;) = 3. Then by Observation
2.1, one vertex of W is u and another one is v. But d(vy, u) = d(v3,u) and d(vy,v) = d(vs,v). It follows that
r(v2|W) = r(v3|W), which is a contradiction. Suppose G = (k,1)-kite, k > 4. If I = 1 or 2, then we can easily
verify that tr(T(G)) # 2. Let ] > 3. Let v1vpv3... 701 be the cycle Cy of (k, I)-kite and vxvg 1Uky2 ... 0, be
the path of (k,I)-kite. Then dr(g)(vn) = 2, dy(g)(vn-1) = 3and d(v;) > 4,1 <i<n—-2.S0 W = {vn,v,-1}.
Butdr(c)(v1,0n) = dr(g) (0k—1,0n) and dy() (01, Vy—1) = dp(c)(Vk—1,Vn—1)- It follows that r (v |[W) = r(v_1|W),
which is a contradiction. If G 2 (k, I)-kite, then we use the similar argument we get t(T(G)) > 3. Thus A(G) = 2.
Since 6(G) =1, G & P,.

The converse can be easily verified. O
Theorem 4.3. Forn > 3,tr(T(Cy)) = 3.

Proof. Let V(Cy) = {v1,v2,...,04} and E(Cy) = {ey,€2,...,€,} in which ¢; = v;0;,1 foralll <i < n—1and
en = vyvy. Then V[T(Cy)] = {v1,v2,...,0n, €1,€2,..., en} and E[T(Cy)] = {ejein1 /1 <i<n—1}Ueue; U
{vivip1/1<i<n—-1}Uvo1U{evi1/1<i<n—1}UesvsU{ve; /1 <i<n}.

By Theorem 4.2, tr(T(C,)) > 3. We claim that W = {vy,e1,v5} is a resolving set of T(Cy). Let x,y be two
distinct vertices of V(T(Cy)) \ W. If either d(x,v1) # d(y,v1) or d(x,v3) # d(y,v3), then r(x|W) # r(y, W). So we
may assume that d(x,v1) = d(y,v1) and d(x,v;) = d(y,v;). Clearly, x € V(Cy),y € E(Cy) orx € E(Cy) and y €
V(Cy). Without loss of generality, let x € V(Cy,), y € E(Cy). Then xy € E(T(Cy)). Clearly, d(x,e1) = d(y,e1) — 1.
It follows that r(x|W) # r(y|W). Thus t(T(C,)) < 3 and hence tr(T(Cy)) = 3. O
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Theorem 4.4. Let G be a spider. Then tr(T(G)) = A(G).

Proof. LetV(G) = {v,vi1,vp2,...,0ir,/1 <1 < t},whered(v) =t > 3inGand E(G) = {ovj1, 01102, ViaVi3, - - -, Vj(r,—1)Vir; / 1 <
i <t},where|V(G)| =r1+r+...+7r+1.Then V(T(G)) = V(G) and E(T(G)) = E(G) U {vvip, v10i3, VinVia, Vi30i5, ViaVi, - - - Vir,
i <t}
Let W be a minimum total resolving set of T(G). Then we claim that W contains at least one vertex from
the set {vj1,vip,...,0y,} for all 1 < i < t with one exception. Suppose no vertex of {v11,v1,...,v14 } and
{v21,v2, ..., 021, } belongs to W. Then r(v1;|W) = r(vy;|W) for i = j, which is a contradiction. Since W is a
minimum total resolving set, t — 1 vertices from the set {v11,v21,...,vs1 } belong to W. Without loss of generality,
let 011,021, ...,0(;_1); belongs to W. But each coordinate of the representation of vy and vy is 1. It follows that
r(vn|W) = r(v|W). Therefore v or vy belongs to W. Thus tr(T(G)) > t. Let W = {v,011,021,...,0(_1)1}. We
claim that W is a resolving set of T(G). Let x, y be two distinct vertices of V(T (G)) \ W. We consider the following
two cases.
Case 1 : x lies on v;1-v;,, path of G for some 1 <i <t —1.
Then r(x|W) # r(y|W) forall x,y € V(T(G)) \ W with respect to {v,v;1},1 <i<t—1.
Case 2 : x lies on v41-v4,, path of G.
For1 < i < t—1,if x lies on v;1-v;,, path of G, then by Case 1, r(x|W) # r(y|W) for all x,y € V\ W. So
we may assume that y lies on vy-vg, path of G. If d(x,v) # d(y,v), then r(x|W) # r(y|W). So we may assume
that d(x,v) = d(y,v). If x lies on y-v path of G, then d(y,v11) = d(x,v11) + 1 and if y lies on x-v path of G, then
d(x,v11) = d(y,v11) + 1. So r(x|W) # r(y|W) for all x,y € V(T(G)) \ W. Therefore each vertex of V(T(G)) \ W
have distinct representations and (W) has no isolates. Thus tr(T(G)) < t and hence tr(T(G)) =t = A(G). O

Theorem 4.5. Fors,t > 2,tr(T(Bs¢)) =s+t—1.

Proof. Let V(Bsy) = {uo,u1, ..., us} U{vo,v1,..., 0t} and E(Bs ) = {e; = uou; / 1 <i <spU{es ;=190 /1<
j<t}U{esity1 = upvp}. Then V[T (Bsy)] = {uo,u1,...,usy U{vg,v1,..., 0} U{ey,ea,..., 54411} s =1t =2,
then we can easily verify that tr(Bs:) = 3 = s +t — 1. So we may assume that either s > 3 or t > 3. Without loss
of generality, let t > 3. Let W = {ey,ep,...,65_1, 10, €541, - -,€s+t—1 - Then each coordinate of the representation
of esy;41 is 1 and that of any other vertex is not 1;

first coordinate and last t — 1 coordinates of the representation of vy are 1 and that of any other vertex is not 1;

only first coordinate and i coordinate of the reprenentation of u;(1 < i < s — 1) are 1 and that of any other
vertex isnot 1;

only (s 4 /) coordinate of the representation of (1 <j<t—1)is1and that of any other vertex is not 1;

last t — 1 coordinates of the representation of u; are 3 and that of any other vertex is not 3;

first s coordinates and last t — 1 coordinates of the representation of es are 1 and 2 respectively and that of any
other vertex is not 1 and 2;

first coordinate and last ¢ — 1 coordinates of the representation of v are 2 and that of any other vertex is not 2;

first s coordinates and last t — 1 coordinates of the representation of es;; are 2 and 1 respectively and that of
any other vertex is not 2 and 1;

Thus W is a resolving set of T(Bs¢). Since (W) has no isolates, W is a total resolving set of T(Bs ;) and hence
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tr(T(Bst)) <s+t—1.

Next, we claim that tr(T(Bs¢)) > s+t — 1. Suppose that t7(T(Bs¢)) < s+t — 2. Let W be a total resolving set
of T(Bs,). Since d(u;,v) = d(u]-,v) forallv € V(Bst) \ {e1,e2,...,65} and d(v;,v) = d(vs,v) forall v € V(Bsy) \
{€s11, €542, ..., €s+t}, W contains at least one vertex from {u;,e;} for all 1 < i < s with one exception and at least
one vertex from {v;,es;} forall 1 < j <t with one exception. Therefore W C E(B ). Without loss of generality,
let W= {e,e,...,es 1} U{esi1,s542, -, 51t 1} Then r(es|W) = r(ug|W) and r(es411|W) = r(vg|W), which
is a contradiction.

Thus tr(T(Bs;t)) > s+t — 1 and hence tr(T(Bst)) = s+t — 1. O
Theorem 4.6. Let G be a graph of order n > 3 and 5(G) > 2. Then tr(T(G)) <n —1.

Proof. Let V(G) = {v1,vy,...,v4} and E(G) = {ey,ea,...,em}. Fori,j € {1,2,...,n}. Let vjj be the new vertex of
the edge v;v;.

By Theorems 4.2 and 4.3, t7(T(P,)) = 2 and tr(T(Cy)) = 3. So we may assume that A(G) > 3. Letd(v,) =r >
3.1f G is 1-connected, then we assume vy, is a cut vertex of G. Let W = {v1,vy,...,v,_1}. Then first r coordinates
of the representation of vy is 1 and that of any other vertex is 1, i" and j* coordinates of the representation of vij,

1<i<n-1,1<j<n—2arel and that of any other vertex are not 1, ith

coordinates of the representation
of v;;, 1 <i < n—1is1 and that of any other vertex is not 1. Thus each vertex of V(T(G)) \ W have distinct

representations and we can easily verify (W) has no isolates. Thus tr(T(G)) < n — 1. O

Open problem 4.7. If G is a connected graph of order n > 3 without pendant vertices, then characterize G for which
tr(T(G)) =n—1.
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