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ABSTRACT. A new concept of the c-distance in cone metric spaces has been introduced by Cho et al. [8] in 2011. Recently, Fadail

et al. [24] in 2017 introduced the T - Reich contraction under the concept of c-distance in cone metric spaces and proved unique-

ness fixed point results. The purpose of this paper is to establish the generalization of T-Reich contractive type of mapping on

complete cone metric spaces. Our results generalize and extend some well known results in the literature.

1 Introduction

In 1922, Stephen Banach[1], proved fixed point theorem for contraction mappings in complete metric space. It

is first important fundamental results in fixed point theory, which is also known as Banach contraction principle

or Banach fixed point theorem. After this pivotal result, many authors have studied various extensions and

generalizations of Banach’s theorems by considering contractive mappings on several directions in the literature

(see [7][8], [21], [22], [23],[31],[32], [33], [34]).

In 2007, Huang and Zhang[2] generalized concept of metric space, replacing the set of real numbers by an

order Banach space, and showed some fixed point theorems of different type of contractive mappings on cone

metric spaces. Later, many authors generalized and studied fixed and common fixed point results in cone metric

spaces for normal and non normal cone see for instance ([3],[4],[5],[6],[9-20],[24-30][35],[36]). Recently, Cho et

* Corresponding Author.

Received August 05, 2017; revised September 12, 2017; accepted September 18, 2017.

2010 Mathematics Subject Classification: 47H10,54H25.

Key words and phrases: Cone metric space, complete cone metric space, c-distance, common fixed point, T-Reich contraction.

This is an open access article under the CC BY license http://creativecommons.org/licenses/by/3.0/.

1



Surendra Kumar Tiwari and Kaushik Das 2

al.[37] Wang and Guo[39] defined a concept of the c- distance in a cone metric space, which is a cone version

of the w-distance Kada et al.[34] and proved some fixed point theorems in ordered cone metric spaces. Then

Sintunavarat et al.[38] generalized the Banach contraction theorem on c- distance of Cho et al.[37]. After that,

several authors studied the existence and uniqueness of the fixed point, common fixed point, coupled fixed point

and common coupled fixed point problems using this distance in cone metric spaces and ordered cone metric

spaces see for examples [40-48],[51]. Very Recently, Fadail et al.[50], studied some fixed point theorems of T-Reich

contraction type mappings under the concept of c- distance in complete cone metric spaces depended on another

function. Our results generalize and extend the respective theorems 3.1 of the result [50].

2 Preliminaries

First, we recall some standard notations and definitions in cone metric spaces with some of their properties [2].

Definition 2.1. Let E be a real Banach space and P be a subset of E and θ denote to the zero element in E, then P

is called a cone if and only if :

1. P is non-empty set closed and P 6= {θ},

2. If a, b are non-negative real numbers and x, y ∈ P, then ax + by ∈ P,

3. x ∈ P and −x ∈ P⇒ x = θ ⇔ P ∩ (−P) = {θ}.

Given a cone P ⊂ E, we define a partial ordering ≤ on E with respect to P by x ≤ y if and only if y− x ∈ P. We

shall write x � y if y− xintP (where intP denotes the interior of P). If intP 6= ∅, then cone P is solid. The cone P

called normal if there is a number K > 0 such that for all x, y ∈ E,

θ ≤ x ≤ y⇒ ||x|| ≤ k||y||.

The least positive number k satisfying the above is called the normal constant of P.

Definition 2.2. Let x be a non-empty set. Suppose the mapping d : X× X → E satisfies

1. θ < d(x, y) for all x, y ∈ X and (x, y) = θ if and only if x = y,

2. d(x, y) = d(y, x) for all x, y ∈ X,

3. d(x, y) = d(x, z) + d(z, y) for all x, y, z ∈ X.

Then d is called a cone metric on X, and (X, d) is called a cone metric space. The concept of cone metric space is

more general than that of a metric space.

Example 2.3. Let E = R2, P = {(x, y) ∈ E : x, y ≥ 0}, X = R and defined by d(x, y) = (|x− y|, α|x− y|) where

α ≥ 0 is a constant. Then (X, d) s a cone metric space.

Definition: 2.4. Let (X, d) be a cone metric space, x ∈ X and {xn}n≥1 be a sequence in X. Then

1. {xn}n≥1 converges to x whenever for every c ∈ E with θ � c, if there is a natural number N such that

d(xn, x)� c for all n ≥N We denote this by limn→∞xn = x or xn → x,

2. {xn}n≥1 is said to be a Cauchy sequence if for every c ∈ E with θ � c, if there is a natural number N such

that d(xn, xm)� c for all n, m ≥N
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3. (X, d) is called a complete cone metric space if every Cauchy sequence in X is Convergent.

Definition 2.5[36]. Let (X, d) be a cone metric space, P be a solid cone and T : X → X then

1. T is said to be continuous if limn→∞xn = x implies that limn→∞Txn = Tx for all {xn} in X,

2. T is said to be subsequentialy convergent, if for every sequence {xn} that {Txn} is convergent, implies {xn}

has a convergent subsequence,

3. T is said to be sequentially convergent if for every sequence {xn}, if {Txn} is convergent, then {Txn} is

also convergent.

Lemma 2.6[13].

1. If E is a real Banach space with cone P and a ≤ λa where a ∈ P and θ ≤ λ < 1, then a = θ

2. If c ∈ intP, θ ≤ an and an → θ then there a positive integer N such that an � c for all n ≥N.

Next, we give the definition of c-distance on a cone metric space (X, d) which is generalization of w-distance of

Kada et al.[34] with some properties. Definition 2.7[37]. Let (X, q) be a cone metric space. A function q : X×X →

E is called a c-distance on X if the following conditions hold:

(q1). θ ≤ q(x, y) for all x, y ∈ X,

(q2). q(x, z) ≤ q(x, y) + q(y, z) for all x, y ∈ X,

(q3). For each x ∈ X and n ≥ 1, if q(x, yn) ≤ u for some u = ux ∈ P, then q(x, y) ≤ u

whenever {yn} is a sequence in X converging to a point y ∈ X,

(q4). For all c ∈ E with θ � c there exist e ∈ E with θ ∈ e such that q(z, x)� e and

q(z, y)� e imply d(x, y)� c.

Example 2.8[37]. Let E = R and P{x ∈ E : x ≥ 0}. Let X = [0, ∞) and define a mapping d : X × X → E by

d(x, y) = |x− y| for all x, y ∈ X. Then (X, d) is a cone metric space. Define q : X × X → E by q(x, y) = y for all

x, y ∈ X. Then q is a c-distance on X.

Example 2.9[41, 42]. Let E = R2 and P = {(x, y) ∈ E : x, y ≥ 0}. Let E = [0, 1] and define a mapping

d : X× X → E by d(x, y) = (|x− y|, |x− y|) for all x, y ∈ X. Then (X, d)

is a complete cone metric space. Define a mapping q : X × X → E by q(x, y) = (y, y) for all x, y ∈ X. Then q is a

c-distance on X.

Example 2.10[50]. Let X = c 1
R [0, 1](the set of real valued functions on X which also have continuous derivatives

on X), P = {ϕ ∈ E : ϕ(t) ≥ 0}. A cone metric d on X is defined by d(x, y)(t) := |x − y|ϕ(t) where ∅ ∈ P is

an arbitrary function. This cone is non normal. Then (X, d) is a complete cone metric space. Define a mapping

q : X× X → E by q(x, y)(t) = y.et for all x, y ∈ X. It is easy to see that q is a c-distance.

Lemma 2.11[37]. Let (X, d) be a cone metric space and q is c-distance on X. Let {xn} and {yn} be a sequences in

X and x, y, z ∈ X. Suppose that unis sequence in P converging to 0. Then the following conditions hold:

1. If q(xn, y) ≤ un and q(xn, z) ≤ un, then y = z,

2. If q(xn, yn) ≤ un and q(xn, z) ≤ un, then yn converges to z,

3. If q(xn, xm) ≤ un for m > n and {xn} is a Cauchy sequence in X,
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4. If q(xn, xm) ≤ un then {xn} is a Cauchy sequence in X.

Remark 2.11[37].

1. q(x, y) = q(y, x) does not necessarily for all x, y ∈ X.

2. q(x, y) = θ is not necessarily equivalent to x− y for all x, y ∈ X.

Definition 2.12[50]. Let (X, d) be a cone metric spaces and f , T : X → X be any two mappings. A mapping f is

said to be T-Reich contraction if there exists a constant k, l, r ∈ [0, 1) with k + l + r < 1 such that

q(T f x, T f y) ≤ kq(Tx, Ty) + lq(Tx, T f x) + rq(Tx, T f y), for all x, y ∈ X.

3 Main Results

The following results which we will give are generalization of theorem 3.1 of [50].

Theorem 3.1. Let (X, d) be cone metric spaces, P be a solid cone and q be a c-distance on X. In addition T : X → X

be an one to one, continuous function and R, S : X → X be a pair mappings satisfies the contractive condition

q(TRx, TSy) ≤ kq(Tx, Ty) + lq(Tx, TRx) + rq(Tx, TSy) (1)

for all x, y ∈ X and k, l, r ∈ [0, 1) are constants such that k + l + r < 1. Then R and S have an unique common fixed

point x∗ ∈ X. And for any x ∈ X, iterate sequence {R2n+1x} and {S2n+2x} converges to the common fixed point.

If v = Rv = Sv. Then q(v, v) = θ.

Proof: Let x0 be an arbitrary point in X. We define the iterative sequence {x2n} and {x2n+1} by

x2n+1 = Rx2n = R2nx0 (2)

and

x2n+2 = Sx2n+1 = S2n+1x0. (3)

Then from (1), we have

q(Tx2n, Tx2n+1) = q(Rx2n−1, Sx2n)

≤ Kq(Tx2n−1, Tx2n) + lq(Tx2n−1, TRx2n−1) + rq(Tx2n, TSx2n)

≤ Kq(Tx2n−1, Tx2n) + lq(Tx2n−1, Tx2n) + rq(Tx2n, Tx2n+1)

So, q(Tx2n, Tx2n+1) ≤ (k + l)q(Tx2n−1, Tx2n) + rq(Tx2n, Tx2n+1)

which implies, (1− r)q(Tx2n, Tx2n+1) ≤ (k + l)q(Tx2n−1, Tx2n)

q(Tx2n, Tx2n+1) ≤
(k + l)
1− r

q(Tx2n−1, Tx2n)

≤ hq(Tx2n−1, Tx2n)

(4)

where (k+l)
1−r = h < 1.

Similarly, it can be show that

q(Tx2n−1, Tx2n) ≤ hq(Tx2n−1, Tx2n) (5)
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So, for m, n ∈N with m > n, we have

q(Tx2n, Tx2m) ≤ q(Tx2n, Tx2n+1) + q(Tx2n+1, Tx2n+2) + ... + q(Tx2n−1, Tx2n)

≤ (h2n + h2n+1 + ... + h2n−1)q(Tx0, Tx1)

≤ h2n

1− h
q(Tx0, Tx1)

Thus, Lemma 2.11(3), which implies that, {TRx2n} is a Cauchy sequence in X. Since X is complete cone metric

space, then there exist u ∈ X such that

Tx2n → uasn→ ∞ (6)

Since T is subsequently convergent, {x2n} has a convergent subsequence. So, there are x∗ ∈ X and {x2ni} such

that

x2ni → x∗asi→ ∞ (7)

Since T is continuous, then by (6), we obtain

Tx2i = Tx∗ (8)

Now from (6) and (8), we conclude that

Tx∗ = u (9)

By definition 2.7 (q3), we have

q(Tx2n, Tx∗) ≤ h2n

1− h
q(Tx0, Tx1) (10)

On the other hand and using (5), we have

q(Tx2n, TRx∗) ≤ q(TRx2n−1, TRx∗)

≤ kq(Tx2n−1, Tx∗)

≤ k
h2n−1

1− h
q(Tx0, Tx1)

=
h2n

1− h
q(Tx0, Tx1)

(11)

By Lemma 2.11(1), from (10) and (11), we have

Tx∗ = TRx∗ (12)

Since T is one to one, then x∗ = Rx∗. Thus x∗ is a fixed point of R. Similarly, we can prove that x∗ is a fixed point

of S. Therefore, x∗ is common fixed point of R and v = Rv = Sv, then we have

q(Tv, Tv) = q(TRv, TSv)

≤ kq(Tv∗, Tv) + lq(Tv, TRv) + rq(Tv, TSv)

= kq(v, v) + lq(v, v) + rq(v, v)
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Since k + l + r < 1, Lemma 2.6(1), shows that q(Tx∗, Ty∗) = θ. Finally suppose that, if y∗ is another common fixed

point of R and S. Then we have

q(Tx∗, Ty∗) = q(TRx∗, TSy∗)

≤ kq(Tx∗, Ty∗) + lq(Tx∗, TRx∗) + rq(Ty∗, TSy∗)

= kq(x∗, y∗) + lq(x∗, x∗) + rq(y∗, y∗)

= kq(Tx∗, Ty∗)

≤ kq(Tx∗, Ty∗) + lq(Tx∗, Ty∗) + rq(Tx∗, Ty∗)

= (k + l + r)q(Tx∗, Ty∗)

Since k + l + r < 1, Lemma 2.6(1), shows that q(Tx∗, Ty∗) = θ. Also we have q(Tx∗, Tx∗) = θ. Thus, Lemma

2.11(1), Tx∗ = Ty∗. Since T is one to one, then x∗ = y∗. So, x∗ is the unique common fixed point of R and S.

From above theorem, we get the following corollaries.

Corollary 3.2. Let (X, d) be cone metric spaces, P be a solid cone and q be a c-distance on X. In addition T : X → X

be an one to one, continuous function and R, S : X → X be a pair mappings satisfies the contractive condition

q(TRx, TSy) ≤ kq(Tx, Ty) (13)

for all x, y ∈ X and k ∈ [0, 1). Then R and S have an unique common fixed point x∗ ∈ X. And for any x ∈ X,

iterative sequence {R2n+1x} and {S2n+2x} converges to the common fixed point. If v = Rv = Sv. Then q(v, v) =

θ.

Corollary 3.3. Let (X, d) be cone metric spaces, P be a solid cone and q be a c-distance on X. In addition T : X → X

be an one to one, continuous function and R, S : X → X be a pair mappings satisfies the contractive condition

q(TRx, TSy) ≤ kq(Tx, TRx) + lq(Tx, TSy) (14)

for all x, y ∈ X and k ∈ [0, 1). Then R and S have an unique common fixed point x∗ ∈ X. And for any x ∈ X,

iterative sequence {R2n+1x} and {S2n+2x} converges to the common fixed point. If v = Rv = Sv. Then q(v, v) =

θ.

Corollary 3.4. Let (X, d) be cone metric spaces, P be a solid cone and q be a c-distance on X. Let R, S : X → X be

a pair mappings satisfies the contractive condition

q(Rx, Sy) ≤ kq(x, y) + lq(x, Rx) + rq(x, Sy) (15)

for all x, y ∈ X and k ∈ [0, 1). Then R and S have an unique common fixed point x∗ ∈ X. And for any x ∈ X, iter-

ative sequence {R2n+1x} and {S2n+2x} converges to the common fixed point. If v = Rv = Sv. Then q(v, v) = θ.

4 Conclusion

In this attempt, we prove unique common fixed point results in cone metric spaces with corollaries. These results

generalizes and improves the recent results of Fadail et al.[50] in the sense that employing c-distances and in

contractive conditions, which extends the further scope of our results.
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