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ABSTRACT. The purpose of this paper is to generalize some results of Horadam and to extend some identities due to Carlitz in

the context of functional difference equations. It includes an operator which yields a type of Appell-set criterion. Generaliza-

tions of Simson’s identity occur as by-products and these are linked to some recent advances in the literature.

1 Introduction

The purpose of this paper it to prove two results to generalize aspects of Horadam’s generalized sequence of

numbers, {wn(a, b; p, q)}, defined by the second order linear homogeneous recurrence relation

wn = pwn−1 − qwn−2, n > 2. (1)

with initial conditions w0 = a, w1 = b[1] with fundamental properties [2,3,4]. Carlitz had also previously looked

at some of the arithmetic properties of generalized sequences [5] and functional difference equations [6], and we

build on some of his ideas here too. Table 1 illustrates the efficiency and effectiveness of Horadam’s notation in

placing these sequences in perspective for comparisons.
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More recent further generalizations relevant to the subsequent development in this paper include coupled and

multiplicative Fibonacci sequences [7,8] and particularly the table in the second scheme [9: 331].

2 Notation

We define,

wn(x) =
∞

∑
k=0

wn+k
xk

k!
, where n = 0, 1, 2, .. (2)

so that we get the differential equation
d

dx
wn(x) = wn+1(x), (3)

and the difference equation

wn(x) = pwn−1(x)− qwn−2(x), where n > 2. (4)

This is slightly more general than that studied by Carlitz [7], which is itself a generalization of the results of El-

more [8]. The general term of {wn(a, b; p, q)} is well known:

wn = Aαn + Bβn (5)

where α, β are the zeroes of x2 − px + q and p = α + β, q = αβ, d = α− β, E = pab− qa2 − b2 and from the initial

conditions

A =
b− aβ

d
, B =

aα− b
d

so that

E = ABd2

Now, from (5) we define,

wn(x) =
n

∑
k=0

(Aαn+k + Bβn+k)
xk

k!

= Aαneax + Bβnebx
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It follows immediately that

∞

∑
k=0

wn+k(x)
yk

k!
=

∞

∑
k=0

(Aαn+keαx + Bβn+keβx)
yk

k!

= Aαneα(x+y) + Bβneβ(x+y)

= wn(x + y)

Horadam [2] observed that for n = 0,

w(x) = w0(x)

=
a + (b + pa)x
1− px + qx2

This is a general case of what Long and Crawford observed as a “surprising new insight into the fact that the sum

of the diagonal elements in Pascal’s triangle are the Fibonacci numbers” [9], namely [10]:

1
89

=
110

102 +
111

104 +
112

106 +
113

108 + ...

This can be extended to
a(s− p) + b
s2 − ps + q

=
a
s
+

b
s2 +

pb− qa
s3 + ...

s2 − ps + q > 0, which can be numerically exemplified with s = 10. Long et al [11] later also looked at some of

the other related arithmetic properties of these generalized sequences. Theorem 7 of Falcon and Plaza [15] leads

to an elegant generalization of this section.

3 Generalization of Carlitz

Consider next,

∞

∑
m=0

∞

∑
n=0

(wm+r(u)wn+r(v)−wr(x)wm+n+r(y))
smtn

m!n!

= wr(u + s)wr(v + t)− wr(x)wr(y + s + t)

= (Aαreα(u+s) + Bβreβ(u+s))(Aαreα(v+t) + Bβreβ(v+t))

− (Aαreαx + Bβreβx)(Aαreα(y+s+t) + Bβreβ(y+s+t))

= A2α2reα(u+v+s+t) + B2β2reβ(u+v+s+t) + Ed−2qr(eα(u+s)+β(v+t) + eβ(u+s)+α(v+t))

− A2α2reα(x+y+s+t) + B2β2reβ(x+y+s+t) + Ed−2qr(eαx+β(y+s+t) + eβx+α(y+s+t))

If we take x + y = s + t, this reduces to

Ed−2qr(eα(u+s)+β(v+t)+eβ(u+s)+α(v+t) − eαx+β(y+s+t) − eβx+α(y+s+t))

= Ed−2qrepx(eα(−x+u+s)+β(−x+v+t) + eα(−x+v+t)+β(−x+u+s) − eβ(−x+y+s+t) − eα(−x+y+s+t))

= Ed−2qrepx((−eα(−x+v+t) + eβ(−x+v+t))(eα(−x+u+s) − eβ(−x+u+s)))

= −EqrepxU0(−x + u + t)U0(−x + v + t)
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in which

Un(x) =
∞

∑
k=0

Un+k
xk

k!

and

Un = un−1 =
αn − βn

α− β
, (6)

for {wn(1, p; p, q)}, Lucas’ fundamental sequence [12]; and so, when r = 2 :

Un(x) = d−1(αneαx − βneβx)

which agrees with Barakat [13]. That is, we have proved that when x + y = u + v,

∞

∑
m=0

∞

∑
n=0

(wr(x)wm+n+r(y)−wm+r(u)wn+r(v))
smtn

m!n!

= −EqrepxU0(u + s− x)U0(v + t− x)

(7)

But since, from above,
∞

∑
k=0

Un+k(x)
yk

k!
= Un(x + y)

then
∞

∑
m=0

∞

∑
n=0

Um(−x + u)Un(−x + v)
smtn

m!n!
= U0(u + s− x)U0(v + t− x)

and on equating coefficients of smtn, we get,

wr(x)wm+n+r(y)− wm+r(u)wn+r(v) = EqrepxUm(u− x)Un(v− x)

When a = 0, b = 1, wn(x) = Un(x), and we obtain

Um+r(u)Un+r(v)−Ur(x)Um+n+r(y) = qrepxUm(u− x)Un(v− x) (8)

which is essentially the same as Equation (2.3) of Carlitz [9]. Equation (6) is effectively treated elsewhere in the

context of some general k-Fibonacci sequences [15,17].

4 Generalization of Horadam

If we replace m by −r, the original r by n, the original n by r + t in (7), we then find that

Un−r(u)Un+r+t(v)−Un(x)Un+t(y) = qnepxU−r(u− x)Ur+t(v− x) (9)

which is directly comparable with Equation (4.18) of [1], in which Horadam defines negative subscripts. Ho-

radam’s Equation (4.18) has the form

wn−rwn+r+t − wnwn+t = qn−rEur−1ur+t−1 (10)

in which un = Un+1. If we contrast (9) and (10) we see that E in the latter performs a role akin to e in the former,

which makes Horadam’s choice of ‘E′ as symbol particularly apt. The analogy between e and E if we put t = 0

and x = y = u = v in (7) and let as in [9] to obtain

Un−r(x)Un+r(x)−U2
n(x) = qnepxU−rUr (11)
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since Un(0) = Un. This is a generalization of Simson’s identity [14] and is comparable with Equation (4.5) of

Horadam [1], namely,

wn+rwn−r − w2
n = Eqn−ru2

r−1 (12)

Other more recent and pertinent generalizations of Simson’s identity may be found in [15] and [17; Theorems

9,10,11].

5 Further Extensions

We can also define

w∗n(x) = w∗n(x, λ) =
∞

∑
k=0

wn+k

x

k

 λk (13)

Then w∗n(0) = wn, and

w∗n+1 =
∞

∑
k=0

wn+k

x

k

 λk

=
∞

∑
k=0

pwn+k − qwn+k−1

x

k

 λk

= pw∗n(x)− qw∗n−1(x)

(14)

which differs slightly from the corresponding equation for h∗n+1 in [6]. Moreover, from (13) we define

∆xw∗n(x) = w∗n(x + 1)− w∗n(x)

=
∞

∑
k=0

wn+k

x + 1

k

−
x

k

 λk

= λ
∞

∑
k=0

wn+k

 x

k− 1

 λk−1

= λ
∞

∑
k=0

wn+k+1

x

k

 λk

(15)

so that

∆xw∗n(x, λ) = λw∗n+1(x, λ)

which is not unlike an Appell set criterion [15]. Other recent analogues of extensions of Appell set criteria include

Ernst [23] and Sadjang [24]. The latter expresses q-Appell sets in terms of the Hahn derivative and Fermatian

numbers [25]. These in turn yield inequalities among products of Fibonacci numbers and their generalizations

[26].

It shows that the power series in the definition of w∗n(x) converges for sufficiently small λ. From this definition
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and the general expression for wn, we obtain

w∗n(x) =
∞

∑
k=0

Aαn

x

k

 (αλ)n + Bβn

x

k

 (βλ)n


= Aαn(1 + λα)x + Bβn(1 + λβ)x.

(16)

Similarly,

w∗n(x + y) = Aαn(1 + λα)x+y + Bβn(1 + λβ)x+y

=
∞

∑
k=0

[Aαn(1 + λα)x + Bβn(1 + λβ)x]

y

k

 λk

=
∞

∑
k=0

w∗n+k(x)

y

k

 λk

(17)

which is similar to, but different from, the comparable Equation (3.3) of [6]. Following Carlitz we write

−qw∗m−1(x)w∗n(x) + w∗m(x)w∗n+1(y)

= −q(Aαm−1(1 + λα)x + Bβm−1(1 + λβ)x)× (Aαn(1 + λα)y + Bβn(1 + λβ)y)

+ (Aαm(1 + λα)x + Bβm(1 + λβ)x)× (Aαn+1(1 + λα)y + Bβn+1(1 + λβ)y)

= A2(−qαm+n−1 + αm+n+1)(1 + λα)x+y + B2(−qβm+n−1 + βm+n+1)(1 + λβ)x+y

+ Ed−2((−qαm−1βn + αmβn+1)(1 + λα)x(1 + λβ)y

+ (−qαnβm−1 + αn+1βm)(1 + λα)y(1 + λβ)x).

(18)

Since αβ = q and α2 − q = α(α− β), β2 − q = −β(α− β), this reduces to

A2(αm+n−1(α2 − q))(1 + λα)s+t + B2(βm+n−1(β2 − q))(1 + λβ)s+t

= A2(α− β)αm+n(1 + λα)s+t − B2(α− β)βm+n(1 + λβ)s+t

= A(b− αβ)αm+n(1 + λα)s+t + B(b− αβ)βm+n(1 + λβ)s+t

= b(Aαm+n(1 + λα)s+t + Bβm+n(1 + λβ)s+t)− aq(Aαm+n−1(1 + λα)s+t

+ Bβm+n−1(1 + λβ)s+t)

= bw∗m+n(s + t)− aqw∗m+n−1(s + t).

(19)

We have therefore proved that

bw∗m+n(s + t)− aqw∗m−n−1(s + t) = w∗m(s)w
∗
n+1(t)− qw∗m−1(s)w

∗
n(t) (20)

If we replace n by n− 1 and use (14), we obtain

aw∗m+n(s + t)− (b− pa)qw∗m+n−1(s) = w∗m(s)w
∗
n(t)− qw∗m−1(s)w

∗
n−1(t) (21)

which is a generalization of (4.1) of Horadam [1], since if s = t = 0 we have w∗m(0) = wm and (21) becomes the

known

awm+n + (b− pa)wm+n−1 = wmwn − qwm−1wn−1

The result (21) is more general then Equation (3.4) of [6] in which there are misprints in the third and fifth lines.
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6 Concluding comments

In a similar way we can obtain another generalization of Simson’s identity

w∗m−1(s)w
∗
m+1(s)− w∗

2

m (s)

= (Aαm−1(1 + λα)s + Bβm−1(1 + λβ)s)(Aαm+1(1 + λα)s + Bβm+1(1 + λβ)s)

− (Aαm(1 + λα)s + Bβm(1 + λβ)s)2

= Ed−2(αm−1βm+1 − 2αmβm + αm+1βm−1)((1 + λα)(1 + λβ))s

= qm−1Ed−2(β2 − 2αβ + α2)(1 + pλ + qλ2)s

= qm−1EEs
w

(22)

in which Ew = 1 + pλ + qλ2. Thus we have,

qmEEx
w = w∗m(x)w∗m+2(x)− w∗

2

m+1(x) (23)

as an extension of Horadam’s generalization of Simson’s identity which was expressed as

qnE = wnwn+2 − w2
n+1.

Note that Ew is analogous to Horadam’s E. Finally, we then consider

w∗n−r(x)w∗n+r+t(x)− w∗n(x)w∗n+t(x)

= (Aαn−r(1 + λα)x + Bβn−r(1 + λβ)x)(Aαn+r+t(1 + λα)x + Bβn+r+t(1 + λβ)x)

− (Aαn(1 + λα)x + Bβn(1 + λβ)x)(Aαn+t(1 + λα)x + Bβn+t(1 + λβ)x)

= Ed−2(αn−rβn+r+t + αn+r+tβn−r − αnβn+t − αn+tβn)Ex
w

= Ed−2qn−r(β2r+t + α2r+t − αrβr+t − αr+tβr)Ex
w

= Eqn−r
(

αr − βr

α− β

)(
αr+t − βr+t

α− β

)
Ex

w

= qn−rEur−1ur+t−1Ex
w

(24)

for {un} defined in (6). Thus, we have

w∗n−r(x)w∗n+r+t(x)− w∗n(x)w∗n+t(x) = qn−rEur−1ur+t−1Ex
w (25)

as a generalization of (4.18) of Horadam [1]. Further related research can connect these k-Fibonacci generaliza-

tions [27,28] to modular tings and integer structure analysis [29].
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